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In this second edition, new topics: Sets, Indices and Surds, Permutations and Combinations,
and Matrices are included and given greater emphasis. For a more indepth coverage,
Kinematics Is now a chapter an its own.

In general, when you prepare for examinations, the first things you need to know
will be the syllabus and the examinations structure. When you revise your work, make sure
you cover all the content specified in the syllabus. For ease of reference, the content
required in the syllabus for each topic is outlined at the beginning of each chapter.

It Is advisable to cover a toplc at ocne time and attempt questions related to the
toplc, questions from your textbooks, guide books as well as the Cambridge past year
questions. It will also be better if you revise related topics consecutively.

In preparing for additional mathematics examinations. a crucial factor is time. It is
insufficient to just revise and practise. You will need to sit for mock examinations too! After
revising all the topics. it is advisable that you sit down will all the materials you need for
an examination — question papers, formula list, calculator, Ad line papers. graph papers.
stationery and a watch. Remember to put up a 'Do not disturb’ sign too. Atternpt an
entire paper within the given time limit. You find that you will be better and faster after
practising a few complete papers. By simulating the examination conditions, you be
more confident and know exactly what to do during the actual examination.

The amount of time you should spend on each question is determined by the
number of marks allocated to It. In the event that you are "stuck’ at a question, you may
want to move on and solve other questions and attempt the unsclved question later. If
you have time after answering all the questions, it will be advantagecus to check your
answers,

Remember to have an early night the day before the examinations so that you will
be fresh and mentally alert. Well, good luck and happy revision.
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ADDITIONAL MATHEMATICS
G.C.E. O LEVEL ADDITIONAL MATHEMATICS

Syliabus Aims

The course should enable students

1. to extend their elementary mathematical skills and use these in the context of more
advanced technigues;

2. todevelop an ability to apply mathematics in other subjects, particularly science and
technology:

3. todevelop mathematical awarenass; and the confidence to apply thelr mathematical
skills in appropriate situations;

4. to extend their interest in mathematics and appreciate its power as a basis for
specific applications.

Assessment Objectives

The exarnination will test the ability of candidates to

recall and use manipulative techniques;

interpret and use mathematical data, symbols and terminology:

comprehend numerical, algebraic and spatial concepts and relationships:
recognise the appropriate mathematfical procedure for a given situation;
formulate problems into mathematical terms and select and apply appropriate
technigues of solution.

o s LN~

Examination Structure

There will be two papers, each of 2 hours and each caries 80 marks. Content for Paper 1
and Paper 2 will not be dissected.

Each paper will consist of approximately 10-12 questions of various lengths. There will
be no choice of question except that the last question in each paper will consist of two
citernatives, only one of which must be answered. The mark allocation for the last
question will be in the range of 10-12 marks.

Detailed Syllabus

Knowledge of the content of the Syndicate’s Ordinary level Syllabus D, (or an equivalent
Syllabus) is assumed, Ordinary level material which is not repeated in the syllabus below
will not be tested directly but it may be required indirectly in response to questions on
other topics.




THEME OR TOPIC

CURRICULUM OBJECTIVES

1. Set language and
notation

2. Functions

Use set language and notation, ond Venn diagrams to
describe sets and represent relationships between sats
as follows:

A =[x xis A natural number}
B=1(x y): y=mx+ c}
C=lx:A=x=b

D={a b, c ..}

Understand and use the following notation:

Unlon of A and B AUB
Intersection of A and B AnNB
Number of elements in set A n(A)
“... Is an element of ..." €
*... Is not an element of ...” -3
Complement of set A A
The empty set &
Universal set €
Ais a subset of B ACB
Ais a proper subset of B ACB
Ais a not a subset of B ACB
Ais a not a proper subset of B A¢B

Understand the terms function, domain, range (image
set), one-one function, inverse function and composition
of functions.

Use the notation #(x) = sinx, f: x— Igx, (x> 0), f'(x) and
%) (= fFG)).

Understand the relationship between y = f(x) and
y=[f(x)|. where f(x) may be linear, quadratic or
trigonometric.

Explain in weords why a given function is a function or
why it does not have an inverse.

Find the Inverse of a one-one function and form
composite functions,

Use sketch graphs to show the relationship between A
function and its inverse.




THEME OR TOPIC

CURRICULUM OBJECTIVES

3.

£|

Quadratic functions

Indlces and surds

Factors of polynomials

Simultaneous
equations

Logarithmic and
exponential functions

Straight line graphs

Find the maximum or minimum value of the quadratic
function f: x— ax? + bx + ¢ by any method.

Use the maximum or minimum value of f(x) to skefch the
graph or determine the range for a given domain.
Know the conditions for f(x) = 0 to have () two real
roots, (i) two equal roots, (ii) no real roots; and the
related conditions for a given line to () intersect a given
curve, (i) be a tangent to a given curve, (i) not
intersect a given curve.

Solve quadratic equations for real roofs and find the
solution set for quadratic inequalities.

Pertorm simple operations with Indices and with surds,
including rationalising the denominator.

Know and use the remainder and factor theorems.
Find factors of polynomials,

Solve cublc equations.

Solve simultaneous equations in two unknowns with at
least one linear equation,

Know simple properties and graphs of the logarithmic
and exponential functions Including Inx and &* (series
expansions are not required).

Know and use the laws of logarithms (including change
of base of logarithms).

Solve equations of the form o* = b.

Interpret the equation of a stralght line graph in the
form y = mx + c.

Transform given relationships, including y = ax™ and
y=Ab?*, to straight line form and hence determine
unknown constants by calculating the gradient or

intercept of the transformed graph.

Solve questions involving mid-paint and length of line,

Know and use the condition for two lines to be parallel
and perpendicular.




THEME OR TOPIC

CURRICULUM OBJECTIVES

9. Circular measure

10. Trigonometry

11. Permutations and
combinations

12. Binomial expansions

Sclve problems involving the arc length and sector area
of a circle, including knowledge and use of radian
measure.

Know the six trigonometric functlons of angles of any
magnitude (sine, consine, tangent, secant, cosecant,
cotangent).

Understand amplitude and periodicity and the
relationship between graphs of e.g. sin x and sin 2x.

Draw and use the graphs of y = asin(bx) + ¢,
v =acos(bx) + ¢, y = o tan(bx) + ¢, where a, b are
positive integers and c is an integer.

Know and use the relationships SnA =tanA,
cosA
2;6: =cotA, sin?A + cos’A =1, sec?A = 1 + tan?A,

cosec?A = 1 + cof?A, and solve simple tigonometric
equations Involving the six trigonometric functions and
the above relationships (not Including general solution of
figonometric equations),

Prove simple trigonometric identities.

Recognise and distinguish between a permutation case
and a combination case.

Know and use the notation nl, (with 0! = 1), and the
expressions for permutations and combinations of n items
taken r af a time.

Answer simple problems on arrangement ond selection
(cases with repetition of objects, or with objects
arranged in a circle or involving both permutations and
combinations, are excluded).

Use the Binomial Theorem for expansion of (a + B) for
positive integral n.

Know and use the general term "C.a™b. 0<r<n
(knowledge of the greatest term and properties of the
coefficients Is not required).
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THEME OR TOPIC CURRICULUM OBJECTIVES

['o [ Q—
13, Vectors in 2 Use vectors in any form, e.g. [ b]‘ AB. p. al + bj.
dimensions
Know and use position vectors and unit vectors.

Find the mognitude of a vector. Add and subtract
vectors and multiply vectors by scalars,

Compose and resoive velocities.

Use relative velocity including solving problems on
interception (but not closest approach).

14, Matrices Display information in the form of matrix of any order
and interpret the data in a given matrix.

Solve problems involving the calculation of the sum and
product (where appropriate) of two matrices and
interpret the result.

Calculate the product of a scalar guantity and a matrix.

Use the algebra of 2 by 2 matices (including the zero
and identity matrix).

Cdlculate the determinant and inverse of a non-singular
matrix and solve simultaneous linear equations.

15. Differentlation and Understand the idea of a derived function.
Integration

d? d(dy
Use the notations (x). F(x). ax? | ax\ax )l

Use the derivatives of the standard functions x" (for any
rational n), sin x. cos x, tan x, &%, Inx, together with
constant multiples, sums and composite functions of
these.

Ditferentiate products and quotients of functions.

Apply differentiction to gradients, fangents and normals,
stationary points, connected rates of change, small
increments and approximations and practical maxima
and minima problems,

Discriminate between maxima and minima by any
method.

x|




THEME OR TOPIC

CURRICULUM OBJECTIVES

Understand integration os the reverse process of
differentiation.

1
Integrate sums of terms in powers of x excluding .

Integrate functions of the form (ax+ b)”
(excluding n = -1), e¥*2, sin(ax + b), cos(ax+ b).

Evaluate definite integrals and apply integration to the
evaluation of plane areas.

Apply differentiation and integration to kinematics
problems that involve displacement, velocity and
acceleration of parficles moving in a straight line (with
variable or constant acceleration, and the use of x-1
and v-t graphs).




MATHEMATICAL NOTATION
The list which follows summarizes the notation used in the Syndicate’s Mathematics

examingtions. Although primarily directed towards Advanced level, the list also applies.
where relevant, to examinations at other levels, i.e. O level, AO level.

Mathematical Notation

1. Set Notation

€ is an element of

€ is not an element of

X1 %. ..} the set with elements x,. x,, ...

[l the set of all x such that ...

n(A) the number of slements in set A

@ the empty set

£ universal set

A the complement of the set A

] the set of positive Integers and zero, (0, 1. 2, 3, ...}
z the set of integers, {0, £1. £2, £3, ...}

Fiag the set of positive Integers, (1, 2, 3. ...

Z, the set of integers modulo n, [0, 1. 2,....n-1}

Q the set of rational numbers

a the set of positive rational numbers, {xeQ: x>0}
Qq the set of positive rational numbers and zero, (xeQ : x =0}
R’ the set of real numbers

R+ the set of positive real numbers, [xci : x> 0}

339 the set of positive real numbers and zero, [xef: x= 0|
RO the real n tuples

C the set of complex numbers

c Is @ subset of

(= Is a proper subset of

i is not a subset of

¢ Is not @ proper subset of

u union

n intersection

(a.b) the closed interval {xeR: a=x= b}

(a.b) the interval {xeR:a= x< b}

(a. b) the interval [xeR:a<x= b}

(a. b) the open interval [xeR:a<x<b)

2. Miscellansous Symbols

= is equal fo

# Is not equal to

is identical to or is congruent to




is approximately equal to
is Isomorphic to

o Is proportional to
< % Is less than; is much less than
= ¥ is less than or equal to or is not greater than
= e is greater than; is much greater than
=4 is greater than or equal to or is not less than
o infinity
3. Cperations
a+b aplus b
a-b a minus b
axb, ab, ab a multiplied by b
a+b, g. alb a divided by b
a:b the ratio of ato b
n
Zo, a+ g+ +a,
=1
Ja the positive square root of the real number a
|al the modulus of the real number a
ni n factorial for nef (01=1)
|
[n] the binomial coefficient — - Jforn, ref, 0=r=n
r rin=r)
A=V (n=rdd o ren
rl
4, Functions
f function f
f(x) the value of the function f at x
f:A—=B f is a function under which each element of set A has an
image in set B
fixisy the function f maps the element x to the element y
1 the inverse of the function f
gf, gf the compesite function of f and g which Iis defined by
(@D or gfx) = g(f(d)
lim f(x) the limit of f(x) as x tends to a
k=3
Ax, dx an increment of x
dy the dervative of y with respect to x
dx
dy " - .
e e nth derivative of y with respect to x
PO, 100, .., ) the first, second, ... , nth derivatives of f(x) with respect to x

Fxdi




jydx
[

4
dx
X K, ...

indefinite integral of y with respect fo x

the definite integral of y with respect to x for values of x
between o and b

the partial derlvative of y with respect to x

the first, second, ... derivatives of x with respect to time.

5. Exponential and Logarithmic Functions

e
e, exp x
log,

In x

g x

base of natural logarithms
exponential function of x
logarithm to the base a of x
natural logarithm of x
logarithm of x to base 10

6. Circular Functions and Relations

sin, cos, tan
cosec, sec, cot

sin”', cos™. tan™,
cosec, sec”!, cot™!
7. Matrices

M
M-I
det M. |M|

8. Vectors

AB

i.jik

la|
|ABI
a.b
axb

9. Probability and Statistics

A, B C, etfc.
AUB
ANB

xv]

the circular functions

the Inverse clrcular relations

a matrix M
the inverse of the square matrix M
the determinant of the square matrix M

the vector a

the vector represented in magnitude and direction by the
directed line segment AB

a unit vector in the direction of the vector a

unit vectors in the directions of the cartesion coordinate
axes

the magnitude of a

the magnitude of AB

the scalar product of @ and b

the vector product of a and b

events
union of the events A and 8
intersection of the events A and B




Example 2

Make copies of the Venn diagram shown and shade the sets represented by each of
the followings:

(ay
(=)}
©
[C)]
(e)

Solution  {(a)

ANB
AUC
AUBUC
AuBncC
(AuB'ncC

AnB

©)

(e)

c

(AuBrncC

(b)

()

™

AuBpncC




Example 3
Given that e=1{1 = x< 20, xEZ).

A= (x:xis a multiple of 4},
B = {x:xis a prime number],
C = {x: x5 a multiple of 3}

(a) List the elements of sets A, Band C.
(b) Findn(AuBUC).
(c) Lstthe elementsof ANE N C.

Solution (@) A=14.8,12. 16, 20
B=1{1.2357 11.1317.19
C=1{3.6.9 12, 15, 18}

by (AuBUC)=1{1,2,3.4,5,6.7.8,9,11,12,13, 15, 16, 17, 18, 19, 20|
nAUBUC) =18

© AnBnNC =12

Example 4

In a class of 40 students, 30 like to play computer games and 20 like to surf the net. It
is given that

& = (students in the class}
C = {students who like to play computer games}
N = {students who like to surf the nat}

Let x be the number of students who neither like to play computer games nor surf the
net.

Using Venn diagrams, or otherwise, find
(a) the smallest possible value of x,
(&) the largest possible value of x,

£

Solution  (a) Smallest possible value of xis 0.




(b) £ Largest possible value of x is
40 - 30=10 when Nc C.
c 10
10
N
Alternatively,
Xx=n{CNN)
X lety=n(CUN).
¢ N WV-y+y+20-y+x=40
S0-y+x=40
° x=y-10

(@) The smaliest possible value of x is 0 when y = 10, It is impossible for x to
be negative.
() The largest possible value of x occurs when vy is maximum, e, when
y=20.
largest possible value of x = 20- 10 = 10.

Revision Exercises

1. List the elements of each of the following sets:
(@ A={x:xis an odd number and x < 10},
() B ={x: xls multiple of 5 and x® < 300},
(€) C=1{x:1<x<5 xeI',
(d) D=|x:1<2x=14, x€ Y.

2. A and B are two sets in the universal set. In separate Venn diagrams, shade the sets
represented by each of the following:

(@ AUB.
by AnB.
() AUB.
(dy ANE,
(@) ANE.




It is given thate= {1, 2, 3, 4, 5, 6, 7, 8, §) such that
A = (x: xis an even number),

B = (x: xis a multiple of 3] and

C = (x: xis a multiple of 4}.

By drawing a Venn diagram, list the elements of the following sefs:
(@ AUB,

(b) ANB,
() AnBncC,
(dy (AUBUCY.

A, Band C are such thate= AU BU C. The number of elements in each subset is
shown in the Venn diagram.

B
A x C
(a) Given that n(BN C) = n(B' N C), find the value of y.
{b) Find x and n(e). given that n(A) = n(C).

A. Band C are such thate= AU BU C. The number of elements in each subset of
is represented in the Venn diagram. Given that n(e) = 20, find

(a) the value of x,
(b) n(ANB),

€y nBNC),

(@) n(ANBNC).




A hundred members of a hedith club were interviewed to find out whether they
use free weights or freadmills more frequently. The outcome of the interview is
represented by the Venn diagram below:

¢ Is the set of members Interviewed, £
Fis the set of members who choose free weights,
T ls the set of members who choose treadmills. z

Given that n{A = 55, n(T) = &40, find the maximum
possible values of w, x and z.

Members of a sea sports club may choose to participate in water-skiing, kayaking
or wind-surfing.

31 members participate in water-skilng.
33 members participate in kayaking.
36 members participate in wind-surfing.
2x members participate Iin water-skiing and kayaking.
13 members participate in kayaking and wind-surfing.
x + 7 members participate in water-skiing and wind-surfing.
x members participate in all three activities. It is compulsory that every member
participate in at least one activity.
(a) Copy the Venn diagmfn and indicate the number of people in each subset,
(b) Given that there is o total of 70 club members,
M find the value of x;
(i) find the number of members who participated in wind-surfing only;
(i find the number of members who participated in water-skiing but not
kayaking.




(a)

(&)

On the Venn diogram below, shade the set AU (BN C).

A

c

8

There are 28 girls in a class. Of these, 17 sing in the cholr and 15 play the piano.

It s given that

£ = |girls in the class],

S = |girls who sing in the choir},
P = {girls who play the plano).

0] Find the smallest possible value of (SN P).

(i)  Express in set notation girs who nelther sing in the chaoir nor play the

piano.

A, Band C are three sefs and the numbers of
elements are as shown in the Venn diagram.
The universal sete= AUBU C.

(@)
()]

(©

State the value of n((BU C)).

If xe (AU B N C, find the probability that
xe A,

If n{C) = n(A), find the two possible values
of k. [(®]

In a schocl. some of the subjects that students
can take are Mathematics, Additional
Mathematics and Physics. The Venn diagram
shows the combinations of these subjects that
are possible. and the numbers and letters
represent the number of students in each subset.

@

(b)

Given that the number of students taking
Physics is 123, calculate the value of x.

Glven that one sixth of those taking
Mathematics also take Additional
Mathematics, calculate the value of y
and hence find the total number of
students taking Mathematics. <

A

©

=

o

)

Maths

8y

Adlet
Maths




Curriculum Objectives:

. Understand the terms function, domain, range (image set), one-one function,
inverse function and compesition of functions

e Use the notation () = sinx, f:x— Igx, (x>0), £'(x) and f(x) (= ffO))

+  Understand the relationship between y = f(x) and y = |f(x)|. where f(x} may
be linear, quadratic or trigonometric

. Explain in words why a given function is a function or why it does not have
an inverse

. Find the inverse of a one-one function and form compaosite functions

. Use sketch graphs to show the relationship between a function and its inverse.

Functions

Consider set X and set Y, related by the function f, every element in the set Xis
mapped to a unique element In the set ¥.

(2, 1) Is an ordered pair where 1 Is the image of 2.
The domain of the function is the set X = {2, 3, 4, 5.
The codomain of the function Is set ¥ = (1, 2, 3. 4, 5, 6}.

— ¥

—
—

[

Notation
f:X— Yor X—Y denofes a function f from domain X to codomain Y.

1 x= () denotes a function f linking x, an element of the domain, to its image
y = () in the codomain.

m




Considering each element in domain X,

f(2) =1
f(3) =2
ftd) =3
f(5) = 4. S i) =x-1

The set of images Is called the range of .

For example, the range of f(x) = x- 11i5{1, 2, 3, 4). Elermnents like 5 and 6 in codomain
Y are not images of any element in domain X and therefore are not in the range
of f.

Example 1

A function f Is defined by f: xi— 3x. Find the range of f for the domain 0<x<4.

Solution O=x=4
0=3x<12
0=f(x)s12

Composite Functions

When a function fis followed by another function g, we get a composite function gf.
gf(x) = g(f)

At () | o))

c

A is the domain and C is the codomain of the compesite function gf.

Example 2

lff:x—xand g:x—x-2.
M Find the range of gf for the domain -1 <x<2.
(i) Find an expression for 2,




Curriculum Objectives:
. Find the maximum or minimum value of the quadratic function
f: x—= ax? + bx + ¢ by any method
. Use the maximum or minimurm value of f(x) to sketch the graph or determine
the range for a given domain
. Know the conditions for f(x) = 0 fo have
M  two real roots,
(i two equal roots,
(i) no real roots,
and the related conditions for a given line to
(M intersect a given curve,
(0  be atangent to a given curve,
() not intersect a glven curve
. Solve the quadratic equations for real roots and find the solution set for
quadratic inequalities.

1. General form of a quadratic function
The general form of a quadratic function s f(x) = ax® + bx + ¢
or y=ad+bx+c wherea band c are constants and az0.

Note : If a =0, then we have a linear function which involves variables of power 1.
Quadratic functions involve variables of highest power 2.

2. Maximum and minimum values of quadratic function y = ax? + bx +¢

When a > 0. the function has a minimum value. The shape of its curve Is u.
When a < 0, the function has a maximum value. The shape of its curve Is N,

The maximum and minimum values can be found using two methods:

()  "Completing the square”
Express the function in a form, like +(ax+ p)? + g, (or other similar forms)
where a. p and g are constants. The maximum or minimum is given by g

and the comesponding value of x is -E.
a
(Note: You may need to use other similar forms, depending on the given

quadratic function.)

8|




(i)  Differentiation

Differentiate the function y = ax? + bx + c with respect to x, to get % Equate

% to zero and solve to get the x coordinate of the maximum/minimum
value. Substitute this value into the expression for the function to get the
corresponding value of y.

dy

.‘:‘a..tbsﬁtme.'x-—2£ intoy=ad + bx+ ¢
a

Example 1

Given that the curve whose equation is y = p- (x- g)? crosses the x-axis at the points
(1. 0 and (3, 0), find

M  the value of pand g,

(y  the maximum value of y. (03]

Solution () For the point (1, 0).
y=0=p=-Q-gP
p-0-29+ =0
P=-142-F =0 m
For the point (3, 0),
y=0=p-@-g?
p-©@-ég+P =0
P=-9+60-F =0 @
@-Mm
4g-8=0
Lg=2
Substitute g = 2 into (1),
p-1+2@-(2?=0
p-1+4-4=0
Lp=1
~p=1lg=2

(il Use the "completing the square” method (this Is a better and
faster method to use in this question, especially so as the function
is already expressed in the * squared” form)

Substituting the values of p and g into the function,
y=1-(x-272
By inspection, maximum value of y = 1.




8]

Alternatively, using the differentiotion method (not recommended
but Is shown to lllustrate the method)
y=1l-(-22=1-R+dx-4=-x2+4x-3
Y . pysa=0
clx
nx=2
Substitute x = 2 into function,
y=1-(2-2¢
y=1
The maximum value of yis 1

Example 2

Express y = 7}:(x-r 5)? + (x = 7)) in the form y = (x + G)* + r. Hence find the least
value of y and the coresponding value of x. (e}

Solution  y = Z0& +10x + 25 + - 14x + 49)
= @@ - 4x+ 74)
=X - 2%+ 37
=(x- 172+ 36
Maxirmum value of y = 36 when x = 1,

Graphs of quadratic functions

Shape of quadratic function y = ax? + bx + ¢ depends on a and D, Its discriminant,
given by b? - 4ac.
[0] When a =0, () Whena=<0,

D>0 D=0

¥
Y ¥

. / /\
s A B

N N

The curves cut the x-axes at 2 different points A and B, i.e., the x-axes intersect the
curves.




Solution () gftx) = gUi) = gLd = R -2

gl =1-2=-1
gim =0-2=-2
o) =4-2=2

gt

The range of gf Is 2<gf(x) = 2.

) R0 = fe)) = 102 =

3. Inverse F

To find the
let f(x) = y.

Example 3

The function f is defined by f: xis 22 — 1, Find the expression for £,

Solution

O e

unction

A B

inverse of a function,
then x = ().

Lety=2@-1,

v

2"

1 = ;E

W=
-

i = |
V2




iy a=0 vy a<D
D=0 D=0

VA

The curves touch the x-axes at one point, i.e. the x-axes are tangents to the curves,

v a=0 v) a<0
D<0 D<0

¥

The curves are elther entirely above or entirely below the x-axes, i.e. the x-axes do
not intersect the curves.

To sketch a quadratic graph, consider the following:
M a=0ocra<0,

(i D=0.D=00rD<0,

(i) the moximum or/and minimum points,

(ivy the yintercept(s} (the value(s) of y when x = 0},
(v) the xintercept(s) (the value(s) of x when y = 0).

General form of a quadratic equation

The general form of a quadratic equation Is
ax? + bx + ¢ = 0 where a, b and ¢ are constants and a = 0.

8l
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Solutions/roots to a quadratic equation are given by the following formula (which
is glven in the formula list).

_-b*yb?-dac
2a
D, the discriminant of the equation = £2 - 4ac, when
() D> 0, the equation has two real and unequal roots, A and B. (See figures
i & i)
(iy D=0.the equation has two real and equal roots, |.e. one root A. (See figures
i & iv.)
(i) D <0, the equation has no real roots. (See figures v & vi.)

Example 3

Find the value of p for which the equation (1 -2p)x + 8px-(2 +8p)=0
has two equal roofs. (@)

Solution  Recall for an equation ax + bx + ¢ = 0 to have equal roofs,
D=b?-4dac=0.
For the equation (1-2p)x + 8px—(2 + 8p) =0 to have equal roofs,
D=(8p)? - 4(1 - 2p)(- (2 + 8p)) = 0.
64p% + (4 - 82 + 8p) = 0
64p? + B - 16p + 32p- 642 = 0
lp+8=0
p=-3

Quadratic inequalities

When a quadratic function = 0, we get a quadratic equation y=ax + bx+ c=0.
Quadratic inequalities are obtained when y= ax + bx+ c>0ory=ax + bx+ c<0.
Partial inequalities are obtained when y=a +bx+c20ar y=ax+ bx+c<0.

Solution of quadratic inequalities:
Method 1: Factorize the expression and consider the signs

(@ x+Ax+B=>0
Both (x + A) and (x + B) have the same sign:
Either (x+ A) >0 and (x+ B) > 0, or
(x+A)<0and (x+ B <0
Draw two number lines and determine the range of x that satisfy both
conditions x + A >0 and x + B > 0 as well as that which satisfy both (x+ A)<0
and (x + B) <0,




b)) k+AXx+B<0
(x + A) and (x + B) have different signs:
Either (x+ A)>0and (x+ B <0, or(x+ A <0and (x+ B) >0
Draw two number lines and determine the range of x that satisfy both
conditions x + A >0 and x + 8<0 as well as that which satisfy both (x+ A) <0
and (x+ B > 0.

Method 2: Factorize the expression and sketch the curve

@ x+Ax+8H=0
for this part
for this pa
af Tha curve ofﬂae g
x(-A x>-8

Solufion x<-Aorx>-B

b) &+A)x+B)<0

tor this part of the
b
Solufion -A<x<-B \/ E.g:iﬁig &

Example 4

Determine the range of the values of x for which
M xdx-1>2
[0] Mx-1)=2

Solufion (@ xdx-1>2
X-x-250
x=-2)x+1)=>0

Method 1: Consider signs
For (x-2)x+ 1) =0, (x— 2) and (x + 1) have the same sign (amows
in number lines point in the same direction).

&l
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(i

(x-2y>0and (x+ >0 o x-D<0and(x+1<0

x>2and x>-1 o x<2andx<-I
Or—————— ——n
L —
A 2 A 2
To satisfy both conditions To satisty both conditions
x>2&x>-1),x>2 (x<2&x<-1). x<-1

. The range of x for which x(x -1} > 2is x> 2 or x < -1.

Note: Use hollow dots - for strict inequalifies (l.e. > or <).
Use bold dots e for partial inequalities that include the
points (i.e. 2 or ).

Method 2: Sketch curves 14
x-2x+ >0

x<-lorx=2

¥ -x-2<0
(x-2)x+ D=0

Method 1: Consider signs

For (x—2)(x + 1) 0, (x-2) and (x + 1) have different signs (.e.
arrows peint In opposite directions).
x-2)z0and (x+1)s0 o -2<0and(x+1=z0

xz2and x = -1 o x=2andxz-]
- —
. —
T T T T
-1 2 -1 2
Both conditions (x<2 and To satisfy both conditions
x<=1) cannot be satisfied. x<2and xz-1).-1<x<2

.~ The range for which x(x - 1)< 0is-1 s x< 2




Method 2: Sketch curves ¥
(x-2x+ <0

N

n=1sx<2 ys0

Example 5

Find the range of values of ¢ for which the straight line y = 2x + cintersects the curve
x + y? =20 In two distinct points.

Solufion At the points of intersection, the two equations must both be satisfied
simultaneously.

Substitute (1) into (2).
4+ @x+02=20
X+A2 +dxc+2=20
5 +dcx+c2-20=0

In order for the points of intersection of the line and the curve fo be
two distinct points, 5:2 + dxc + ¢ - 20 = 0 has two real and distinct roots,
i.e. its discriminant D > 0.

D=b-4ac>0 4
(4c¥ - 4(B) P -20) >0
16¢? - 20c? + 400 > 0
4c? < 400

c2< 100
(c+10Mc-101<0

13\/{0

(c+ 10(c-10)<0

From the graph, the range of values of c is =10 < c < 10.

sl
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Example &
Find the value of kfor which the line y + 3x = kis a tangent to the curve y=x2 + 5. (C)

Solution At the point of intersection, the two equations must be satisfied
simultaneously.

y+dx=k=y=k-3x..... m

[T I - SO 2)
Substitute (1) into (2).

k-3x=x4+5

X+3x+5-k=0

For the line fo be a tangent to the curve, i.e. for X2 + 3x+ 5 - kto have
one real root, its D= 0.
D= - dac
D=@?-41)5-k =0
9-20+4k=0
_n
4

Example 7

Find the range of values of ¢ for which v = cx + 6 does not meet the curve
22 - xy = 3. ©

Solufion At peints of intersection. the two equations are simultaneously satisfied.

Substitute (1) info (2).
2% —xcx+6) =3
2@ -l -bx-3=0

When the line does not meet the curve, 222 - cx - 6x-3 = 0 has no
real roots, le. D < 0.

D=t -dac= (62 -42-c)-3)<0

J+24-12c<0

12c > 60

c=>5




Revision Exercises

1. Find the maximum or minimum value of each of the following quadratic functions
by expressing them in the form +(ax + p)*+ q. State the coresponding value of x
in each case.

(@ 92+ 24x+ 14
(b) 40x- 162 - 19
(©) 16-3x-x
(d) 3x@-4x+9

2, Express y=-22 + 4x+ 19 in the form y = (x + p)? + g, where a, p and g are constants.
Hence, state the maximum value of y and the coresponding value of x. Sketch
the graph y = -2& + 4x + 19.

3. Wrlte )@ + kx + &4 In the form (x + p)? + g and obtain expressions for p and qin terms
of k. Hence find the range of values of ksuch that x* + kx + 64 Is positive for all values
of x and deduce the comesponding range of values of k.

4. The following equations have egual roots. Find the value of p:
(@ X+px+d4=0
) ®R-(+Nx=5p-30
© (E-NR+4px+p+20=0.

5. The quadratic equation px® + x + g = 0 has roots 3 and -4. Find
(i the volues of pand g,
(i) the range of values of r for which the equation px? + x + g + r= 0 has no real
roots,

6. Find the range of values of k for which the equation k@ + 2(2k + 2)x + 4k + 9 =0
has real roofts.

7. Find the range of x which safisfy each of the following inequalities:
(@ @x+3Px-H<0
by T-0x+2>0
© *+21210x
(d) 2@ +2x<sx-5x+8
2_
© 3x?-Tx+8 =1
2x2-11x+5
8. Find the range of values of k for which the expression 22 + 5x + k Is positive for all
real values of x.

9. Find the range of values of k for which the expression 2x(1 - x) + k is never positive
for all real values of x.

[
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Find the range of values of k for which the line kx + y = 3 intersects the curve
2 +2)y2 =8 at two real and distinct polnts.

If the line y = mx + ¢ is a tangent to the curve X + 2 =10, find the relationship
between mand c.

Find the range of values of p for which the graph y = px2 + 9x + p + 12 crosses the
x-axis. State also the values of p for which the x-axis is a tangent to the curve,

(@) Cdleulate the range of values of x for which X2 + dx -5 > 5x -3
(b) Cadlculate the range of values of ¢ for which 3x2 - 9x + ¢ > 2.25 for all values
of x, [(®]

(@) Find the range of values of x for which x{10 - x) = 24,
(b) Find the value of k for which 2y + x = kis a tangent to the curve 2 + 4x= 20,
<)




Curriculum Objectives:

Perform simple operations with indices and with surds, including rationalising
the denominator.

2.

Indices

Multiplication of a by itself n number of times can expressed in the form of an Index
as g” where g ls the base and n is the index.

For example, 22=2x2x 2 x 2
=16

Laws of Indices

Laws of Indices Notes

amx g’ = ag™"
an+ g’ = g™
@ =am™

amx b" = (ax b)m

m
d"+b’"=[§] where b= 0

d=1 where a = 0 and is a real number

am= where a2 0

1
a
-m m

[g] =%] where a=0
o -Ta

o =(Va)" =V
(d"xb"‘)‘:d""xb"’




Example 1

Simnplify ()]
(i
Solution ()
(i)
Example 2
Simplify 0]
(0]
Solufion ()
(i
Example 3
simplify (@
(i
Solution [(}]
(i

]

32 x 30

3 x 32y

Method 1:
PxP=@BxPx@Ax3x3xIx3x3I
=38

Method 2:

32 5 36 = 3246 - 38
Note: Method 1 is used to verify the Law; it is faster and less
cumbersome to use the Law of Indices.

3V 326¥ = JoHe)) o 3

I+ 3
&Y+ G

35
=3
_ Ix3x3xIx3
- 3x3
=3x3Ix3J
=3
Alternatively,

i

35+32=35-2=33

3.3

G 4 Y = G Uey) o g2y

3%
@

EP =@ x3x3xPx@xIxIxPx@xIxidxd)
=312

(34)3 = 34;3 =312

(212): = 2!2:




Example 4

Simplify @ 2°x3°
n  32xx

Solution () 2%x3F=(@x2x2x2xDx@x3xIx3Ix3I)
=2xPxCxPxPxPxCxPx@x3)
= (2 x 3P

Altermnatively,

Using | a™ x b™ = (a x by™

BxIP=@2x3°
i FxR=@E@xx?

Example 5
Simplfy @ 3°+25
i x+28
IxIxIxIxI
i i 5 - —
Solution () ¥+ B = o s
_3,3.8,3,3
=327373737%,

Alternatively

am

Using | o™ + bm = [E]
5
3F+B= [-g-]

&
X
@ xe20= [5]

Consider a special case of the law " + @ = ™"
when m = n, for example,

axaxa_,
axaxa

and a®+ad =g =al

Hence, we get the zero index law:

a+ad=




£

Example &

Simplify @ 1000 ;
(i (%J
Solutlon  Using | a® =
m 1000 =
xy

Conslder ancther case of the law o™ + a" = g™

wherte m < n, for example,
axaxa
3 - 9xaxa
o+ & = Srxaxaxaxa
1
axaxa

R
e

n

anda®+ gt =gt =g?

Hence, we get the negative index law

g M= alf"'

Example 7

Simplify ) 372
i x°

Solution  Using | g™ =oim
: 2_1_1
@ 3 =5
N - 1
an xS=—¢

>

a2
Next, consider [E] =




_ 4x 4
ETE

4y

-(3)

Hence we obtain the following law of indices

ay"™ _(by"
5 -G)

Example 8

simplify ()

()]

=m .b m
Solution  Using [%J :[E]

Consider an expression
(@ =a?=q

Take square roofs on both sides of the equation:
gl =+a

Likewise,
(@) =g =g

Take m™ root on both sides of the equation




g

Example 9
Find the value of ()  125%

o (@

Solufion  Using | a® =Ta

(0 125 =25=5

0 [—2?]5 7 s
8) T8 2
Example 10

find the volue of () 4%
@ 81

Solution () 43 = [4%]3 =(JE}3 =238
or 4l=wh=\47=5i=8

Hence the law | a® =(’$’5)” ="an

ay s =[$’ﬂ)3 =33=27

Example 11
Simplify () (3 x 22
(i (@7 x5
Solution () (Bx3x3x3x2x2xDx@x3xIxIx2x2x32)
=38 %20
Alternatively,

Using | (@™ x B = a™ x b

(3% x 2% = 382 x 32
=38 x 2%

(i) (4% x 5 = 429 5%
= 40 x 5%




Example 12

Simplify () 67 x (2793 + 32
() 645 x32 x 64
iy 27% 4164 x32

Solution () & x (29% + 32

m
=62 + 32 x (2%} [uslng a™ + ™ =[%J ]
= [2]2 x(z‘Z)a
=022 %28 (using (@™" = @™
=28 (using @™ x @" = @™")
=256

) 644 x32x6at
= 64 x4t x32
= saldrl 32 (using @™ x @™ = g™
= 6afxa? (using am =(Nay)
- (fea) <o
=42 x 32
=(4x3)? (using @™ x P = (a x b)™
=122
=144
278 +16% x3-2
= 278 + 41E %32 using a® =Ta
= (3."2_?}2 +2x372 using @ :ﬂa)"]
=¥ x3T+2 (using @™ x " = @™")
=322.2
“30.2 (using o = 1)
=1+2
=1
2

E
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Surds

A surd is the square root of a number and it cannot be evaluated exactly.
A surd is an irational number.

Recall:
An irational number is one that cannot be expressed in the form % where g and
b are integers and b = 0.

V7
Examples of surds are V2.243.3+45 and -E
Fractions involving surds can be simplified by rationalising the denominator, i.e. to
change the denominator which contains surd to a rational number,

Rationalising the denominator can be done by:
(i  multiplying both the numerator and denominator by the surd itself; or
(iy  multiplying both the numerator and denominator by its conjugate surd.

For example, the conjugate surd of 25 +43 is 2J/5-43.

Example 13
Simplify the following, by rationalising the denominators:
V5 4 32-43
(a) N ()] 312 ©) ENEP]
Solution (a) %_2- - %[%J
-0
2
®) 4 _ a4 | J’é-z]
V3+2  Y3+2|43-2
_ 4J3-8
T 3-4
= 8-443
3V2-V3  32-43(2/3-42
©  laey2 - W32\ 232
_ 66 -23)-3)+6
43)-2
_76-12
T




Revision Exercises

1. Without using a calculator, simplify the following:

3
(@ [24 xaﬂxa-i] (&) 52+ 10°x 22
© 63xa)! ) ¥ax332
(@ 27ix27i.o7t ® 5 x2‘5!
125%
2. Solve the following equations:
(@ 8=2 (b) 22 g2
Dx+1 X2
(©) 4% =432.2 (@ %:1
3, If y= 3% express 9 + 321 — 81*in terms of y.

4, Given that y = ax® - b, when x = 2, y = 4 and when x = 3, y = 61, find the value
of g and b.

m
5 Show that (3% _,(m,s[2_;x] =(318-3m)(x2m-3),

6. Simplify the following:

(@ 27+48 (b) V243 -2427 +343
(© V32x+6 () Ja2
Jo
7. Simplify the following:
@ @-T3+VD )  (++3)2
© (3-2@y3-D @ (5‘—‘,@";*—@
B.  Simplify the following by rationalising the denominators:
4 32-45
4
2 _ 3-45  3-45
© 29 @ izt




Curriculum Objectives:

Know and use the remainder and factor theorems
Find factors of polynomials
Solve cubic equations

3.
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The Remainder Theorem

When a polynomial f(x) (the dividend) is divided by (ax - b) (the divisor), the
remainder is r‘(%):
Dividend = Divisor x Quotient + Rernainder

Example 1

Find the remainder when f(x) = 4% - 4% - 7x - 2 Is divided by
W x+

(i  4x+1

iy x-2.

Solufion ()  F-1)=4 (1P -4(-12-7 (-1)-2=-4-4+7-2=-3

() P =4EP-aPP-TP-2=-k-3+3-2=-%
() KD =4(QP-4(22-7@-2=32-16-14-2=0

If the divisor Is a factor of the dividend., then the remainder is zero.

The Factor Theorem

If a polynomial f(x) (the dividend) is divided by (ax - b) (the divisor) and f(b/a) =0,
then ax - b is a factor of f(x).

Factorization of Cubic Expressions

Cubic equations should have three linear factors, i.e., f(x) = (x + @) (x + b) (x + ©)
and can be solved using a combination of methods of long division, inspection and
trial and emor using factor theorem.

Example 2

In example 1, f(x) = 4x* - 42 - 7x - 2 has a factor x — 2, Given that f(x) is exactly
divisible by {ax+ 1). Find the value of a and hence completely factorize the
expression.




Solution

Example 3

4x3 - 4x? - 7x - 2 has a factor x - 2.

Ax2 + Ax + 1
X=2)4x3 - 4x2 - T7x -2
4x° — 8x?
4x2 - 7x
4x? - Bx
x-2
x-2

453 - 4 - 7x - 2 is also exactly divisible by (ax + 1).

f-Dr=a- 1P +a4-Hr+1=0

::12-~—g—+i=0

4-da+F=0

(@-22=0

La=2

=~ ancther factor is (2x + 1).

Factorizing 4x* + 4x + 1 by inspection,

A +4x+ 1= (2x+ D2x+ N,

AR AR -Tx -2 = (x-2)@x+ D2x+ 1)

The remainder when x° - 5x + g Is divided by x + 3 Is twice the remainder when
it Is divided by x - 2. Find the value of a. [(®]

Solution

Let f(x) be ¥* - 5x + aand Rbe the remainder when x® - 5x + ais divided
by x- 2.

AD=@P-5D+a=R
8-10+a=R

f(-3) = (-3 - 5(-3) + a= 2R
27 +15+a=2R
A=2R+ 12 (2)

@ -,
2R-R+12-2=0
R=-10

Substitute R = <10 Into (1)
a=-10+2=-8




Revision Exercises

1.

|

Find the remainder when 6x° + 2@ + 4x + 3 Is divided by
(@ x+3

(b) 2x-1

() 3x+4

Find the value of a for which

(@ 2x*-x + 3x + a has a remainder of 10 when divided by x - 2,

(b) @ +2x - 35 - x + 6 has a remainder of 7 when divided by x -1,

(©) X+ (a- 1)+ x - 6x+ 7 has a remainder of 27 when divided by x — 3.

Completely factorize the following expressions:
(@ 2°-32-3x+2
() 3-8 +3x+2
© 5¢-5x=2-2

Given that f(x) = ax® + 5x% - 17x+ bis exactly divisible by 3x+ 1 and has a remainder
of 28 when divided by x - 2,

(a) find the value of a and of b,

(b) factorize f(x) completely.

Given that the expression 2x® + ax? - 3x + b Is exactly divisible by 2 + x - 2, find
the value of a and of b, and find the third factor of the expression.

The expression »® + (b-2a)2 + (a— b)x— 6 has a factor of »2 + 4x + 3. Find the value
of aand of b.

Given that for all values of x, 6x° + 13x2 - ¢ = (ax + b)(x + 2){(2x - 1) + ¢, evaluate
a band c

(@) Given that 4x* - 92 + 2 (¢ - 7)x - 18 is exactly divisible by 2x - 3a, show
that @* - 7a - é = 0 and hence find the possible values of a.

(b) The expression 2x° + bx* - cx + d leaves the same remainder when divided
by x + 1 or x=2 or 2x - 1, Evaluate b and ¢. Given dlso that the expression
Is exactly divisible by x + 2, evaluate d. <)




Curriculum Objectives:
. Solve simultaneous equations In two unknowns with at least one linear
eqguation.

Simultaneous equations are equations that need to be solved at the same time.

1. Two simultaneous linear equations in two unknowns

To solve the equations, we usually eliminate one variable to find a solution to the
second variable. The latter Is then substituted into one of the equations to solve the
first unknown. Usually there is only one solution to each unknown.

Example 1

The line bx + ay = 11 intersects 2ax + by = 15 at the point (3. 1). Find the values
of gand b.

Solution  x =3 and y = 1 satisfy the two simultaneous equations:
b@+a=1..
2a3) + &(1) =15 ...
From (1) a+3b=11

From(2) 6a+b=15..... )]
To eliminate a, substitute (3) into (4)
611 -3y + b=15

17b = 51
b=3
Substitute b = 3 info (3)
a=11-33)
a=2
~a=2andb=3

2, Simultaneous linear and non-linear equations in two unknowns

When we deal with non-linear equations, there will be more than one solution.
Apart from elimination by substitution, we may need to use factorization.
Using substitution, we start with the linear equation and express cne unknown in
terms of the other. Then we substitute It Into the non-inear equation to eliminate
one unknown.

[43




J

To factorize a quadratic equation ax? + bx + ¢ = 0, one may need to use the
following forrmula (given in the formula list)

Yo -bxVb?-4ac
2a
Example 2

Solve the simultaneous equations

Solution  From (2)

2y
Substitute (3) into (1),
l[£]+£=4 .......... @
22y} 3
@ x 12y
135 + 4)2 = 48y
42 - 48y + 135=0

_ —(-4B)£+/(-48)% - 4(4)(135)

2(4)
o812 15 9
8 22
15 45
Substitute v —v; into (3), x = ﬁ—ar
2
Substitute y =; into (3), x = B s

. the sclutions are [SE] or [52]
2 2
Example 3
The line y = 3x- 1 intersects the curve 22 + 2y2 - x+ y- 11 =0 at A and B, Cdalculate
the coordinates of A and of B, <)

Solution At A and B, both equations must be satisfied simultaneously.
Y=3x-T1 [4}]
28+ 2P = x4+ y=11=0.0irens @




Substitute (1) into (2),

28+ 2@3x- 12 -x+@x-1D-11=0
28+ 2P —bx+ VN -x+3x-1-11=0
22+ 182 - 12x+2-x+3x-12=0
20€ - 10x-10=0

2 -x-1=0.

@Px+ Nx-1)=0.

.'.X=-l orx=1

Substitute x = —% into (1)

1 5
ay=32)-1=-2
2 2

Substitute x = 1 into (1)
Ly=3)-1=2 1 s
The coordinates of A and of B are (—5. -5) and (1, 2).

Revision Exercises

Scive the simultaneous equations:

1.

2+y2=13 2, x(x+2y)=-4 3 x+y=1
Ix+y=9 2k +y=2 43¢ = dxy - 4y? = 20
2 =110 - 32 5 x@B+y=30
2+ y=12 yi2+2X)=28
Glven that (g, 7) Is a solution of the simultaneous eguations

3x-y=8and

b - xy+ 9=y,

find
()  the value of o and of b,
(i the coordinates of the other solution.

The sum of the perimeters of two squares Is 18 m and the sum of their areas is
16.25 m2. Find the dimensions of the squares.

The line 2x + v = 2 intersects the curve 4x° + y? = 20 at A and B. Find the coordinates
of A and of B.

Solve the simultaneous equations.

y=2x+5x-3

2y =3x-2 ©
Solve the simultaneous equations.

X+ y=xy

2y=x+2 (C)

&l




Curriculum Objectives:

. Know simple properties and graphs of the logarithmic and exponential
functions Including Inx and e* (serles expansions are not required)

. Know and use the laws of logarithms (including change of base of logarithrms)

. Solve equations of the form a* = b,

1. Logarithmic Function
General form Is log,x where a > 0 and x Is a variable.
Important logarithmic functions:

(i common logarithm where a = 10, log;px i.e. Igx.
(i natural logarithm where a = e, loggx i.e. Inx.

/:m‘,x

X

¥
4

Properties of the graphs where y = Igx or Inx:
() v does not exist for x <0

(i y=0whenx=1

(i) As x— = then y—«

(v) As x—0then y——=

8]




Exponential Functions
General form Is o* where a is a positive constant and x a variable.

Important exponentfial functions
(i 10 {inverse of Igx)
(i) e (nverse of Inx)

y=g'
whera a=1

Properties of the graph y = o (a>1 and x>0)
M y> 0 for all real values of x

(i y=lwhenx=0

(i) As x> then y—e

(v) As x——othen y—=0

y = a™ graph is obtained when y = a* is reflected in the y-axis.




3. Laws of Logarithm and Indices

Laws of Logarithm Laws of Indices
logs(xy) = log, x+log, ¥ gMx g =g™n
Ioga[iJ = logy Xx+10Q, Y 9 _gmn
14 an
log,(x)" = nlogyx (@™n= g™
log,a=1 a’=
logy1=0 =L
og,1 = o
am ="Va
anm =[":fa)n =Nan

To change base, from base b to base a:

loge N = M
logy o

Example 1

(a) Solve the equation 2* = 5,
(b)Y Solve the equation Igx + Ig (B3x + 1) = 1.
(c) By using the substitution y = &, find the value of x such that Be*—e=2,

(d) Giventhat y = ax, that y = 2 when x = 3 and that y =§ when x = 9, find the
value of g and of b. [(e9]

Solution (@) 2*=5
Ig2*=1Ig5
xlg2=1Ig5 since log(x)" = nloggx
X:E:2.32
g2
() Igx+Ig @x+ 1) =1
lgx (3x+ 1) =1Ig 10

Xx@Bx+ =10
¥+ x-10=0
@Bx-5)x+2=0
X= é or x = -2 (rejected as Ig of negative constant
s is undefined)
xX= E
3

g




() Be¥*-e*=2
Muitiply throughout by &%,
8-g¥=2¢"
Using the substitution y = &%,
Y+2y-8=0
+dy-2=0
y=-4
& = -4 (undefined) or

Q
bR
oo™

sox=0693

(@ y=ax
When x=3, y=2:
2 = a@)P°
Ig2 =Iga+ bigd

(sincelog, () =logyx+log, ¥y
and log, ()" = n log, X

Whenx:?,y=g.'

2 9

== aN®

92

Ig;zlga-i-blg‘?
lg2-1lg9=Iga+big?... (2

M-@
lg9=b(g3-1gM
g9 _le9_

Tiga-g9 g3
%

Substitfute b = -2 into (1).
192 = Iga + (-2) Igd
Iga =I1g2 + 2Ig3

Iga = Ig2 + Ig3?

Iga = g2 x 32

L a=2x3=18

Example 2

@iy  Sketch the graph of y = Inx for x> 0.

(i Express x2 = &2 in the form Inx = ax + b,

(i Insert on your sketch the additional graph required to obtain a graphical
solution of x? = &2, (o3}




Solution (M

3
y=Inx
- X
0 /;
(i) x?=e?
Inx2 = x=2
2Ink=x-2
Inx=lx-1 wherea:lcmdb:—]
2 2
a  x2=e*?
Inx = lx -1
2 1
let y=Inxandy = Ex- 1.
The intersection of y = Inxand y = %x— 1 graphs gives a solution
of x2 = e*2,
y= %x = 1is a straight line graph with gradient % and yintercept
of =1.
When y=0,x=2,
¥ thess 2 pts
Eof Inlegsacﬁgn
0
Example 3
Sketch the graph of y = e!"2%
Solufion y=ex e Thus, it will take the shope of y = 2%
1
y=e"2=1when1-2x=0 ax=




The graph of y = "2 is obtained by translating y = e2half an unit fo
the right.

Pt =]

Example 4

By changing bases, evaluate the foliowing:
@ log5
®) log,s2.6

Solution Note: By changing to base 10 or base e, it is possible fo evaluate
the above.

g5
(@ logs5 = Ig—2=2.32

Alternatively.
In5
logyh = in = 232

1g2.6
) log,526 = 1925 2.36
Alternatively,
n2.6

I
l0g1 526 = ¢ =236




Revision Exercises

1. Solve the following equations:
(@ 2lgx=Igx+2
(b 2ilg2z+Ig(z+1)-1g3z=0
© Ig@2+5x+2)=3Ig2+1

2. Solve the following equations:
(@ =7
(b 2x16%1 =8
©) 2¥-5+2¥=0

3.  Solve the following equations:
(@) &™'=148
by 2e¢=7
(©) e*+3eg™=4
(@ 2e¥'-e*-6e=0

4, Given that Ig 5 = p. find in terms of p

m 18
a Ig50
(i Ig2s
5. Given that In 2 = 0,693 and In 9 = 2,197, calculate without using calculator, the
values of
M In72
G In162
(i In225
-3 Sketch the following functions:
M  y=Ig3x
iy y=3Inx

@iy y=ih(x+2)

7. Sketch the following functions:
M y=2e™
@ y=e*!

T dx-1
gy y=-e°
2
8. Using the substitution y = 2*, solve the equation 4-2%2 + 3 = 0,

2. (@) The curve with equation py=gx passes through the points (1, -12) and
(-2, %). Find the value of p and of q.

J|




(b) Solve the simultaneous equations:
lgx+21gy=3
x2y= 125
(c) Given that y = 2xe™,
{) show that y has a stationary value when x = 1.
(i Complete the following table.

X 0 0.5 1 2

Y

Using graph paper. draw the graph y=2x e for 0 < x £ 2. By drawing a suitable
line, find the solutions of the equation x + 1 = 10xe™. )

(@) The mass, m grams, of a radioactive substance, present at time f days after
first being observed, is given by the formula
m = 24002,
Find
M  the value of m when = 30,
(i)  the value of t when the mass is half of Its value at 1= 0,
(iy  the rate at which the mass is decreasing when f = 50. (Answer this
question after revising chapter 15: Differentiation )
(b) Solve the equation
1g(20 + 5x) - 1g(10 - %) = 1.
(c) Given that x = lga is a solution of the equation 102#! - 70107 = 26,
find the value of a. (<)




Curriculum Objectives:

. Interpret the equation of a straight line graph in the form y= mx+ ¢

. Transform given relationships, Including y = ax” and y = Ab* to straight line
form and hence determine unknown constants by calculating the gradient
or intercept of the transformed graph

. Solve questions involving mid-point and length of a line

. Know and use the condition for two lines to be parallel and perpendicular.

1. Distance beiween two points

¥
4

B0 v

Al ),

Given that the coordinates of Aand Bare (%, y,) and (x,. ;) respectively, distance
between A and B, i.e. AB=(xy=%)% +(y2-v,)%.

|




2.

Mid-point

Let the mid-point of AB be C (x. y).

Xy + X. +
Coordinates of C = (—‘2—1 1‘2—"’)

Example 1

Two points have coordinates A (-8, 4) and B (-2, 0). find (i) the distance between
A and B; (i) the coordinates of C. the mid-point of AB.

Solution ()  AB= [-2-(-8)2 +(0-4)2

= 82
= 7.21 units
—B+(-2) 440
()  Mid-point C= [ 5 T3 ]
=(-5,2)

&l
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3. Gradient

Gradient, m, of a stralght line joined by any two points Is defined as
_ the difference in the y - coordinates
the difference in the x - coordinates
¥  Niz¥a
Xg 22, X)Xy

¥
4

Gradient of A8, m=Y2="Y1 - tan /BAC = tan @
X2 =X

Since #BAC = #BPQ, gradient of a straight line = tangent of the angle which the
line makes with the positive direction of the x-axis.

6 is acute .~ tan 6>0, gradient 8> 0.




(4]

o aN

«Is obtuse . tan a<0, tan a = -tan £PQO, gradient <0.

Gradients of two parallel lines

¥

B D
Y=mx+ o
y=mpx+cy
A C;
& s
/}ﬂ fﬁz
ail o » X

Equation of ABis y= mix + ¢
Gradient of AB=m, = tan 8,
Equation of CDis y = mux + ¢,
Gradient of CD = m, = tan &
When AB is parallel to CD

6 =8
tan 8, = tan &,
m=m




5.

Gradients of two perpendicular lines

o

I has gradient my
m, = tan ZABD = tan @

b has gradient m,
m, = tan £EDX = tan

EF is the perpendicular from E to the x-axis.

£LDEF =8

EF DF
. My —E—tﬂn G—E
1

- S 7 S
my =-tan a=-fr =3 ™

1
:_
my = ™

Example 2

Lines AC and BD are perpendicular to each other. Given that the gradient of AC
is . find the gradient of BD.

Solufion  Gradient of AC, MyucIs 4.
Since AC and BD are perpendicular, gradient of BD Is -m+‘c =4,

Area of Plane Figures

General formula for area of the figure with vertices A(x;. y)). B(x. y,).
O3, ¥3)oro . NCX,, v, where AB.C...N are located In an anti-clockwise direction,
Is

X)Xy Xaeone Xp X
1Y2 V3o Vr>1<5’1

= J((sum of all products *\)) - (sum of all products )

1

2




Example 3
What Is the area of the trapezium shown below?
vy

4
B(6.13)

co.m

A(0.5)

DQ.-2)

1o, 1,10, 60
i == 4 X
Solution  Area of frapezium ADCB = 2| 5X—2y10x] g 5‘
= X AOE2) + (A + A0)(13) + (6)(5) - (1S + (10)-2) +&O0)

+ (@03}
= )5 ((0+ 10+ 130 + 30) - (5 - 20 + 60))
=} (170 - 45) = 62.5 unit?

Equation of a straight line
(i) When two points are given

¥
3

Bl v
Pix. )

A, y)

(=}

To find the equation of the straight line joining two points A(x;. y;) and
B(x,. v2). let Alx, ¥) be a point lying on the same straight line.

[59




A, Pand B are collinear.
~ gradient of AP = gradient of AB

Y¥-¥%i_V¥a2-¥

X=X; Xo—X

Coyev = Y2V
Y V=N Xz-Jﬁ‘x x)

(i When one point and gradient of the straight line are given

¥

4

Pix.¥)

Al )

To find the equation of the straight line passing through a point A(x,, y;) and
with gradient m

Let Ax, y) be a polnt lying on the straight line.
yn
X=X
S Y=Y = mx - x)

¥
ALY
06, 2y

= X
B(0.-D
c

In the quadrilateral ABCD, the points A, B and D are at (3, 3). (0. -1) and (&, 2)
respactively. The line BD bisects the line CA at right angles at point M. Find the
equation of BD and AC. Calculate

()  the coordinates of M,

(iiy the coordinates of C,

iy  the area of the quadrilateral ABCD (9}

=m

Example 4




Solution

Given two points B(0, ~1) and D6, 2), equation of BD is

y=(D _2-¢-D
x-0 6-0
y+1 3.1
x 6 2
2y+2=x
2y=x-2

AC is perpendicular to 8D.
From the equation of 8D, the gradient of BD is %

» gradient of AC = -1 =2,
Since gradient of AC Is found and point A3, 3) Is given, the equation

of ACis

y=3_,

x-3
y-3d=-2x+46
y=9-2x

0 Since Miies on both BD and AC, it must simuttaneously satisfy the
two corresponding equations of both lines.
2y=x-2..
y=9-2x..
From (1) x=2y + 2 ..ccvene »
Substitute (3) into (2),
y=9-2Qy+2)=9-4y-4

L Oy=8=y=1
Substitute y = 1 into (3).
x=2+2=4

- Coordinates of M= (4, 1)
(i Let the coordinates of C be (.. y.)
M s the mid-point of AC, - M= [3—“‘2’23*%] =@

3+X
Hence, —=£

d+y,

=4=x=8-3=5
=l=y.=2-3=-]
s C= (5 -1

213 -1 -1 2 3
= 1 [G)=1) + (OX=1) + (B)D) + (6)(3))
- (OX3) + (Y1) + (6)(=T) + (BN
=1(-3Y:10+18)-(-5-6+6)
= $(25-(-5) = 15 units?

3 0 5 6 3
@iy Area of ABCD is =l‘ ‘
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Example 5

The diagram shows a trapezium ABCD in which AB is parallel to OC. The point A
lies on the y-axis, Points B and D are (6, 13) and (1, -2) respectively. Angles ABC
and BCD are 90°. ©)

4 B 13)

=X

o0,-n

Given that the equation of DC Is 3y = 4x - 10, find
M  the equation of AB,

(i the equation of BC,

(i) the coordinates of A and of C,

(iv) the area of the trapezium.

Solution (Y  ABis parallel to DC, from the equation of DC, it can be deduced
that gradient of DC is g— ~ the gradient of AB Is g
y-18_4
x-6 3
Iy=13)=4(x-6)
Iy-39=4x-24
dy=4x+ 15

The equation of AB s 3y = 4x + 15

()  BCis perpendicular to AB.

1 1 3
. gradient of BCis —= ——4=——
© m 4 a
y-13_ 3 3
x—=5 4

Ay=-1D=-3(x-6)
4y -52=-3x+ 18
dy = 70 - 3x

- equation of BC is 4y = 70 — 3x




Q)]

i)

Given that A lies on the y-axis, let coordinates of A be (0, ya).
Using the equation of AB,

Jy=4x+ 15

3ya = A0y + 15

L Ya=5

- the coordinates of A is (0, 5).

Point Cis the point of intersection of both lines BC and DC, hence
it must satisfy the two equations of BC and DC simultaneously,

Substituting the coordinates of C (x... ¥} Info equations of lines BC
and DC, we get:

Ay, =70 - 3x;....
3y, =4x.-10....
From (2), y, = Abrc_:;'lfj .......... 3)

Substitute (3) into (1),
4[@] =70-3x,

16x, — 40 = 210 - 9x.
25x, =250 = x.=10
Substitute x_ = 10 into (3),
v = 4010}-10 -10
3
-~ the coordinates of C = (10, 10)

110 1 10 6 0
Area of the trapezium is —
P 2‘5 21013 5|

= J5 10}=2) + (1)Q10) + (10)(13) + (&)(5) = ((1)(E) + (1OH(=2) + (&)(10)
+ @3Nt

= }5(10 +130 + 30 - (5 20 +60))

= 62.5 unit?

gl
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Special equations parallel to the axes

M When aline is parallel to the x-axis.
gradient, m = 0, y-intercept = a.
y-a=0{x-0)

L y=a

(i)  When a line is parallel to the y-axs,
the x-intercept is b.
Gradient, m is undefined but 1/m =0
Ymiy-0)=x-b
L x-b=0=x=b

Example &

Given that A and B are (2, 3) and (5, 3)
respectively. Find the equation of AB.

Solution  Gradient of AB, m, = g =0
Equation of ABis y-3=0(x-2)
Ly=3

Example 7

Given that Cand D are (2, 8) and (2, 1)
respectively. Find the equation of CD.

Solution  Gradient of CD. my = -;1% = undefined
L
my
Equation of CDis y=1=m; (x-2)

Lox=2

a
» x
4
1 > x
b
¥
4
A(2,3)
B(5. 3
x
3
C(2.8
o@En




8.

Determination of unknowns from straight line graphs

A non-linear equation involving variables x and y can be converted to a straight
line function in the form ¥ = mX + ¢ where X and Y are expressions in x and/or y.

m is the gradient of X-Y graph and ¢ the Y-ntercept.

Non-linear equation | Shaight line function Y X M c
y=ax+ bod Y aebx ¥ x b a
X X
y=E+b y=£+b 1% 1 a b
X x x
a 1 1. b 1 1 b
y= —_———)—— - X - -
x-b y a a y a a
a a 1
y=‘x—n+b y=x—n+b 1% ; a b
1 1 1
—=ax"+b —=ax"+b — X" a b
¥ ¥ ¥
xy=3+nx y=i+b ¥ X a b
X x? x?
x=bxy+ay —=bx+a X X b a
¥
y=ab" lgy=lga+xgb lay X lab lga
y=ad Igy=iga+bigx gy lgx | b lga
y=n-axt Igin-y=lga+tigx lain-y) |lgx | b lga
ya*=b+n lgy=iglb+nm-xga oy X dga | lglb+n
Table 8.1
Example 8

When the graph of y against +/x is drawn, a straight line is obtained which has
gradient 2 and passes through the point (4, 7). Determine the relationship between
x and y. Evaluate y when x is 25.

Solution Y=mX+c
y=mJx+c
Since gradient m = 2,
y=2Jx+c

8l
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Whenx=4,y=7.

~7=2d+¢c

=e=7-2:/4=3

- the relationship between x and yis y=2'x +3.

When x = 25,
y=2v25+3=2(5)+3=13

Example 9

y2
7
x is drawn, the resulting line has a gradient of -2 and an intercept on the y* axis

of 8. Calculate the value of p and of g. )

Variables xand y are related by the equation =+ ¥~ =1 When a graph of y2against
p

Solution  X4+¥

yi=-Zxiq
fe]

The graph of y? against x is a straight line with gradient -2 and

y intercept of g. P
- gadent=-F=2=9-2 ..
P P
and y Intercept = g=8
Substitute g = 8 inta (1).
B/fp=2=p=4
~p=4andg=8
Example 10
The table below shows experimental values of two variables x and y.
X 0.25 0.30 0.35 0.50 0.60 1.00
y 260 18.7 15.6 8.0 59 3.5

It is believed that one of the experimental values of yis abnormally large and also
. B

that the variables x and y are connected by an equation of the form y =A+—2.
X

where A and B are constants. By a suitable cholce of variables this equation may
be reprasented by a straight line graph. State these variables and, using the data
given above, obtain corresponding pairs of values. Plot these values and hence
identify the point corresponding to the abnormally large value of y. Ignoring this
point use the remaining peints to obtain a straight line graph. Use your line to
evaluate A and B. ©)




Solution  For equation y=A+%, a straight line graph is obtained by plotting y
x

agailnst lz with gradient B and y intercept A.
X

X 0.25 0.30 0.35 0.50 0.60 1.00

y 26.0 18.7 15.6 8.0 59 35

16.00 1n.n 8.16 4.00 278 1.00

L¥

L L L L L L L e
e 4 6 8 w012 W o6 *

From the graph, the point with x and y coordinates (0.35, 15.6) has an

abnormally large value of y.

26-20
16-0

Gradient of the line, B = 15

y intercept, A= 20

Revision Exercises:

1. The straight lines y = ax - 6, where ais a constant and y = 2x + 3 are perpendicular.
State the value of a and hence find the coordinates of the point of intersection
of the lines.

2. Two points A and B have coordinates (-3, -5) and (6. 2) respectively. Find the
distance between A and B.
Given that the perpendicular bisector of the line joining A and B meets the y-axis
at C, calculate the coordinates of C.

3. Find the equation of the line which passes through the point (1, -2) and is parallel
tothe line y = 3x + 4,




4.

gl

The diagram shows a rectangle ABCD. where equation of CD s y = -2. Given that
B has coordinates (3, 7). find

¥

A B@.7N

()  the equation of AB,
(i) the eqguation of BC,
(i) the coordinates of C.
Given that CD is 4 units, find D and A and hence the area of ABCD.

In the diagram, A7, 6). €1, 3) and R(3, 8) are the mid-points of the sides of friangle
ABC. Find

3

(0  the gradient of the line PQ,
(il the equation of the line AB,
(i the equation of the perpendicular bisector of the line AC.




6.

ABCD s a parallelogram whose diagonals meet at M. The coordinates of B, Cand
D are (2, 8), (14, 12) and (14, 6) respectively. Given that AC has a gradient 1, find
the equation of AC and BD. Calculate

¥
3

D(16.8)

()] ' the coordinates of M,
@) the coordinates of A,
Prove that ABCD Is a rectangle. Find the area of the rectangle ABCD.

The straight lines y = ax + 9, where ais a constant, and y = %x -1are perpendicular.

State the value of g and hence find the coordinates of the point of intersection

of the lines. ©)
¥
b Aee
B(8.8)
Y
W,
D ey
o \/ "X
c

The diagram shows a guadriiateral ABCD in which A s (2, B) and Bis (8, 6). The point
C lies on the perpendicular bisector of AB and the point D lies on the y-oxds. The
equation of BC is 3y = 4x - 14 and the angle DAB = 90°. Find

O  the equation of AD,

(i  the coordinates of D,




g

(i) the equation of the perpendicular bisector of AB,

(v) the coordinates of C.

Show that the area of the trangle ADC is 10 unit? and find the area of the
quadrilateral ABCD. ©)

Express each of the following equations in the form Y= mX + ¢, where X and Y are
expressions In X and/or y and m and ¢ are constants, Hance, state the expressions
for X, ¥, m and ¢ in each case.

M y=3+2x ()] y:(,_z
3 2
@y y=—-x (v) xy=5x+=
Vx s X
v XR+3P=x W) y=—r
X

4
(vily y=4x®

Variables x and y are related by an equation y = b% where aand b are constants.

When Ig v is plotted against x, a stralght line Is obtained with a gradient of -2 and
an intercept on the Ig y-axis of 1. Calculate the value of g and of b.

The table shows experimental values of two variables x and y which are known to
be connected by the equation of the form ax® + by = X2, Explain how a straight
line groph may be drawn to represent the given eguation. Use the aobove data
to plot the graph and hence estimate the value of g and of b.

X 1 2 3 4 5
y 3 20 63 144 275

It is known that x and y are related by the equation x+a=2, where aand b are
constants. 14

() Plot xy agdinst v to obtain a straight-line graph.

(i)  Use your graph to estimate the value of g and b.

iy  When graph of l vs x Is plotted, what is the value of the gradient of the
4

straight line obtained and calculate the intercept in the lﬂxks.
¥

y -3 -1.5 -1 -0.75 0.6




13. The diagram shows the straight line graph obtained by plotting lg y against Ig x.
Gliven that the variables x and y are connected by the equation y =ax® where a

and b are constants.

(0 Express lg yin terms of Ig x.

(7.

N

)]

gy

(i) Express y In terms of x.

iy  Find the values of o and b.

= 1g x

0.-5)
N

(v) Calculate the value of y when Ig x = 3.

14, Variables x and y are related In such a way that when v_L— is plotted against »3,
X

a straight line Is obtained . This line passes through the points (<1, 6) and (-5, 2)

as shown on the diagram. Find

1.6)

-5.2)

=1

(i  an expression for y in terms of x,

(i) the value of y when x =1,

x

16, (@) The table shows experimental values of two variables, x and y.

X

05

22

40 59 7.8

4

=75

-4.4

31 224 68.2




|

by

It is known that x and y are related by the equation y + 10 = Ak*, where A
and k are constants. Using graph paper, plot lg (y + 10) agalnst x for the
above data and use your graph to estimate

() the value of A and of k,

(i the value of x when y=0.

Variables xand y are related by the equation px® +g)? = 1. The dlagram shows
the straight-line graph of y? agalnst x* which passes through the point [% %]

y?
3

o]

(0 Given that the gradient of this line Is % calculate the value of p and
of g
(i Given also that this line passes through (k. 4), find the value of k.
(<)




Curriculum Objective:

Solve problems involving the arc length and sector area of a circle, including

knowledge and use of radian measure.

Radian
Angles can be measured in terms of () degrees (°)
(i radians (rad)

Angle, 6 (in rac) =

For the angle of a complete revolution 360°,

s=2ar
2ar
nB=—2=2r
5 )
.~ 2 mrad = 360°
rrad = 180°
M
Arc length and area of sector
From 8=>.s=r6,
r
Q)

Area of sector MON = %r’ﬂ. where @is in rad

Example 1

The diagram shows a sector OAB of radius 10 cm and 8 = 60, Find
@ @inrad,

(i) arc length AB, A
iy area of sector AOB.

Solufion () ° =60x—— rad = 1.05 rad
180 r=10ecm
() AB=rg=10(1.05) = 10.5 cm

(i) Area of sector ACB = %r29=%(102)(l.05) =525¢cm? ©

3l
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Example 2

The diagram shows a circle of radius 13 cm and chord AC of length 24 cm,
Calculate

(» the length of the arc ABC, A
(i) the area of the shaded reglon. (C)
8
12 A
Solution @ =sin'— = 67.38°
13 (C
() Arc ABC=ro= lax[Q(é?.SB")x IB’L } c

= 30.6 cm
(i)  Area of the shaded region = %rze
=1a 3)2[2x—2(a?.3a°)xi}
2 180°
=332 cm?

Area of triangle
Area of AABC = % x base x height = —b(a sin C)

absin C

M=M=

Expressing height in terms of sin A and sin B,

Area of AABC = %absinc= %bcsinA: %caslns

Example 3

The diagram shows part of a circle, its centre O and its radius of 5 cm. Given that
£ AOC is 1.2 radians, calculate

M  the length of the arc ABC, A
(i)  the area of the shaded segment. [(®]

Solution (i)  The length of the arc ABC = r@
=5(1.2) =6 cm

(i) Area of the sector QAC is %r?e

1 Scm
=5(5)2(12) )

lobsInC=l(5)2 s]n[Exwﬁ"] c
Area of ADAC is 2 2 T

. area of shaded segment is %(5)2[12— sln[E x IBG"H =3.35¢cm?
T




Example 4

40em 40em

The figure shows the clrcular cross-section of an uniform log of radius 40 cm
floating in water. The points A and B are on the surface and the highest point X
is 8 cm above the surface.

Show that £AOB is approximately 1.29 radians.

Calculate

@ the length of the arc AXB,

@) the area of the cross-section below the surface,

@) the percentage of the volume of the log below the surface. <
Solution  Let Y be the point of intersection of AB and OX.
OY=40-8=32cm X
32
cos £BOY = — A/ Bem ]
40 ¥
32
o £LAOB = 2 cos E = 73.74° 40crm 40 cm

= 7374 x = = 1.287 = 1.29 rad
180°

M  The length of the arc AXB = r@
=40 (1.29) = 51.5 cm

(i) Area of sector ACE = %r?n:%(mm.zo) = 1029.6 cm?

Areqa of triangle AOB is %Ob sinC= %40 % 40sin 73.74° = 768.0 cm?

Area of cross-section below the surface = ar? - 1029.6 + 768.0
= 4765 em?

(i Letbe the length of the log.
Volume of the log = ar?l
= 24002 = 5027/ cm?
Volume of cross-section below the surface = 47651
Percentage of volume of cross-section below the surface
_ 47651
50271

x100% = 94.8%
[7




Revision Exercises
1.

The figure shows a circle, its centre O, its radius of 12 cm and a chord AB such that
angle ACB = % radians. Calculate

(i the length of the major arc ACB,
(i the area of the shaded region.

2.
The figure shows a circle of radius 4 cm with centre O. Its radii OA and OB form
a trapezium with a point C. Given that AC = 3 cm, calculate
(} angle ACB in degrees,
(i)  the area of the shaded region.
3. A

8

In the diagram, AXB is an arc of a circle. centre O, of radius 10 cm; AYB is o
semicircle with AB as diameter. If tdangle AOB is equilateral, find the angle AOB.

761




Hence caolculate

@ the length of the chord AB,

(iy  the length of the arc AXB,

@iy the area of the sector OAXB,

(v} the perimeter of the shaded region,
v) the area of the shaded region.

A
édcm
dem
o c

E 10cm

The trapezium ABCD has side CD = 10 c¢m. Two arcs, with centres at D and C and
radii 4 cm and 6 cm respectively meet CD at point E. Find

 the area of the trapezium,

(D the length AB,

(i) the area of the shaded region.

A

0.52 rad

© D B8 c
In the diagram, OAB is a sector of a circle, centre O, of radius 8 cm and
angle AOB = 0.92 radians. The line AD is the perpendicular from A to OB. The line
AC is perpendicular to OA and meets OB produced at C. Find
M  the perimeter of the region ADB, marked P,
(i the area of the region ABC., marked Q. (@]
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lmE

AB, CD and EF are arcs of concentric circles, centre O, where angle AOB =1 rad,
OA = AC = 3 m and CE = 1 m. Calculate

()  the perimeter ABDC,

(i) the shaded area.

A plece of wire Is bent to form the perimeter of part of a sector with centre O and
radius 10 cm. §and R are midpoints of OP and OQ respectively, RSis a straight line.
Given that angle PO& = 0.8 rad. calculate

M the perimeter of PERS, P
(i)  the area enclosed by the wire.
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Curriculum Objectives:

. Know the six tigonometiic functions of angles of any magnitude (sine, cosine,
tangent, secant, cosecant, cotangent)

. Understand amplitude and periodicity and the relationship between graphs
of e.g. sinx and sin2x

. Draw and use the graphs of y= asin(bx) + c. y=acos(bx) + ¢, y=atan(bx)
+ ¢, where a, b are positive integers and ¢ Is an interger

SinA__ tanA, cosA =cotA snfA+cos?A=1,

cosA A
sec?A=1+tan?A, cosec?A=1+cot’ A, and solve simple trigonometric
equations involving the six figonometric functions and the above relationships
(not including general solution of trigonometric equations)

. Prove simple frigonometric identities.

. Know and use the relationships

General angles

Angles measured from the x-axis, in the anticlockwise direction, are positive.
For example, 8, and 8, are positive angles.--

¥

6
L:

°|

Angles measured from the x-axis, in the clockwise direction, are negative.
For example & and 6, are negative angles.
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Trigonometrical Ratios

sinf= ————  =—==
hypotenuse OP r
adiacent 0& x
cosfls ——M ==
hypotenuse OP r
tang = OPPostie _ PQ _y

adiacent 0@ x

where x and y are coordinates of point P
and rls the distance of P from O.
P=x+yYrandx=0

Signs of Trigonometrical Ratios

Second quadrant, x <0, y >0 First quadrant, x>0, y> 0
sin@>0 sing >0

cosf <0 cos@ >0

tane < 0 tane >0

OMLY SINE 15 POSITIVE ALL ARE POSITIVE

Third quadrant, x <0, y <0 Fourth quadrant, x>0, y <0
sing >0 sing <0

cosg <0 cosf >0

tang > 0 tang <0

OMLY TANGENT IS POSITIVE ONLY COSINE 15 POSITIVE
Example 1

Find all the angles between 0° and 360° which satisfy the equation sinx = - sins0°,
<)
Soluffon  Since sinx < 0, x lies In the third or fourth quadrant,
x=180° + 60° or x=360° - &0°
= 240° = 300°

Example 2

Given that sinx = b and 0° < x < 90° find an expression in terms of b for
M tanx, (i cos(=x).

Solution () Given that x is in the first quadrant,

opposite b

=— and the reference triangle be as

let siny =—————
hypotenuse 1

shown




ad+br=1 v
s a=+1-b%(a>0,since
x Is In first quadrant)

Referring fo the reference .
fiangle. 1 i

. ib
tanx = Spposite b i
adjacent o X
-t o a "
V1-b?

(i (=x) Is measured from the x-axis in the clockwise direction as
shown in the figure.

cos(-x) = 2=\1-p?
1 L
Pla-b)
Trigonometrical Ratios of Special angles: 30°, 45° and 60°
In a right-angled triangle OPQ, X
£0PQ = 30° ] P
sind0® = —
2:’_
cosd0e = X3
2 2
1
tando® = \{—3 T
£PO@Q = 60° 3 500 X
siné0° = — [] T a 1 R >
2
cosbl® = 1
2 x
tané0® = 3 5
£50T = £OST = 45° .
indse = —
sind5’ " ) H
oo {
cosds® = % - i.
- X
tan4s° = 1 @ ! T

Note: You are expected to recall the trigonometrical ratios of speclal angles. The
figures will help you remember the ratios.
fav
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Graphs of sing, cosé and tang

¥
y=cosé
054
+ + + é
-180° 1] 180° 7or 3607
051

y=tang

!E.

e

180°

(- 3 S

Y

Comparing the three graphs:

2700

3607

graph of sing

graph of cosd

graph of tang

Period Is 360° Period is 3607 Pertiod is 180°
-1<s8ng<l -l1<cose<1 —o S taNB S =«

Max. = 1, min, = =1 Max. = 1, min. = -1 No max. or min.
Amplitude = 1 Amplitude = 1

sing = 0 when ¢ =..-360°, | cos# =0 when 8= .-270° | tang=0 when 8=, .-360°
1807, 07, 180°, 360°,.. =907, 90, 270°... -180°, 0", 180", 360°...

The sine graph Is
symmetrical about the
origin, i.e.,

sin(-g) = -sing

The cosine graph s
symmetrical about the
vertical oxis, i.e.,
cos(-6) = cosd

The tangent graph is
symmetrical about the
origin. i.8.,

tan{-6) = -tang




The vertical lines through
8= .. =270°, -90°, S0°,
270°... where tané is
undefined are asymptotes
of the graph

Note: The graph of sind is simply the graph of cosé shifted 90° to the right.

Example 3

Find all the angles between 0° and 350° which satisfy the equation, tan2y = -1.
(&}

0° < y< 360° =+ 0° < 2y < 720° and since tan2y < 0, 2y lies in the second
and fourth quadrants,
tan2y = -tands®
2y = 180° - 45°, 360° - 45°, 360° + 180" - 457, 360° + 360° - 45°,
= 135°, 315°, 495°, 675°
sy =67.5° 157.5°, 247.5°, 337.5°

Solution

Sketch Trigonometrical Graphs

Paints to consider when sketching graphs:

[} shapes of curves for general figonometrical functions,

(y  Important points such as maximum and minimum points (which help in
determining the amplitude) and points where the curve cuts the axes,

(iiy the period of the function,

(v} the asymptotes in the cose of graphs involving the tangent function,

The general shapes of the following functions are shown below.

(M
(iiy
(in

0

y = a sinbx,
¥y = g cosbx,
y = a tanbx.

y = a sinbx where a and b are constants.

y = asinbx
I P
18
b
+ - X
o] & 2
b ]




(i) y=acosbx

b b
at
(i) vy=atanbx
y
- L} 1
: : y=atan bx
] 1]
1 1]
1 1
a$ ! '
] 1
] 1
+—t ; ] ; > x
of & w10 70 Su0
b b b b b
- 4 1 1
1 1
] 1
1 1
] 1
] 1
L} ]
Example 4
Sketch the graph of y = 3 - sin2x for 0° < x< 180°, <)

&
Solufion  sin2x has a period of % =180° and maximum and minimum values

of 1 and -1 (.e. amplitude = 1).

Recall y= a sinbx, here a =1 and b = 2. Hence the curve cuts the

x-axis at E='§=‘£Z|°: ﬂ:'l&tl‘ﬂ
2 2




Example §

-

¥ = -5in2x

T T T
45° 50 135° 1807

X

The graph of y = -sin2x1s obtained by reflecting the graph of y = sin2x
about the x-axis.

-1

Finally, shift the graph of y = —sin2x upward by 3 units to get the
graph of y = 3 - sin2x,

Alternatively, one can get the graph of y = 3 - sin2x by plotting the
graph at x = 07, 45°, 90°, 135°, 180° directly.

Sketch on the same diagram the graphs of y = [cos2x| and 4y = x for the domain

Osx<m

Solution

©)
y = |cos2x| graph has a period ?: 2?” =x and an amplitude of 1.

The straight line graph of y:i has a gradient of %

gl




To get the graph of y = | cos 2x|, first sketch the graph y = cos 2xand
then reflect the part of the graph below the x-axis about the x-axis.

Note: There are four points of intersection of the two graphs, hence
there are four solutions to the equation 4|cos 2x| = x.

sinA
cosA

tanA =

Trigonometrical Ratios of Cotangent, Secant and Cosecant

1
cosA

secantA or secA =

cotangentA or cotA = 1 __cosA
tanA  sinA
cosecantA or cosecA = <
sinA

g

Note: signs of cotangent, secant and cosecant in the four quadrants follow those
of thelr reciprocals, l.e. tangent, cosine and sine respectively.

Second quadrant First quadrant

Only sine and cosecant positive All positive

Third quadrant Fourth quadrant

Only tangent and cotangent positive Only cosine and secant positive

Fundamental Identities

Consider the right-angled triangle in the figure.
By Pythagoras' theorem, &2 = & + ... m

a? 2 b
() + B2 =t a
p? b2
1 = sin?¢ + cos?¢ pa
2 2
M+ £.>‘—:'I+C— €
a? a?
cosec?d = 1 + cot?e
b2 a?
m+c Pt
sec?d = tan?g + 1
In summary,
sin?e + cos?e = 1

1 + cot?d = cosec?s
tan? + 1 = sec?s

as given in the formula list.




Example &

Find all the angles between 0° and 340° which satisfy each of the equations.
@ 10 sinx cosx = cosx,
() 5tan?y = 5 tany + 3 sec?y,

(i) sec [% z+10?°] =-2 (C)
Solufion (D 10 sinx cosx = COSX

cosx (10sin x=13=0 1
cosx=0 or sinx = o

x = 90°, 270° or x=57° 180° - 67
=5.7°, 1743
oo =57°,90° 174.3° or 270°

iy  5tan?y =5 tany + 3 sec?y
5 tandy = 5 tany + 3 (fan?y + 1) since tan?e + 1 = sec?8
2 tan?y - 5tany -3 =0
(2 tany + N{tany -3 =0

o tany = —% or tany = 3

tany = - tan26.6° or tany = tan71.46°
y = 180° - 26.6°, 360° - 26.6° or y=716° 180° + 71.6°
Loy =T71.6°, 153.4°, 251.6°, 333.4°

@iy sec [%ZHU?"] =-2
1

——= -2
cos[—z +1 [!?"]
2

1=-2cos [%—ZHU}'“]
cos [lzﬂo}“‘] -1
2 T2

cos [%ZHO}'“] = - cos 60°

[%z+10}'°]= 180° — 60°, 180° + 607, 540° — 60° = 120°, 240°, 480°
2= 2 (120° - 107%), 2 (240° ~107°), 2(480° ~ 107°)
= 26°, 266°, 746°
z = 746° is outside the required range.
o 2= 260, 2660
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Alternatively, consider the range of (%z +1 0?“] before giving the
values of [%Z+'IU?°].
0F < z<360°

0°< %ZS 180°

0° < %z +107° < 287°
cos (%zﬂ(]?"] = - cos &60°

. %z +107° = 120°, 240°
z=2(120°-107%), 2 (240" - 107%)

z =267, 264°
Example 7
Show that (cosecx - 1)(cosecx + 1)(secx - 1)(secx + 1) =1 ©
Selution  LHS = (cosecx - 1)(cosecx + 1)(secx - 1)(secx + 1)
= (cosec?x ~1)secix - 1)
= cosec?x secix - secix - cosec?x + |
S NN I R B
" sin?x cos?x  cos?x  sin?x
_ 1 sin®x  cos®x
" sin?x cos?x  sin?x cosix  sinix cos?x
_(sin2 2
= 20X+ 0080 since sinx + cosx = |
sin?x cos?x
1-1
= ———+I=1=
sinZx cos?x | RHS
Alternatively,
LHS = (cosacx — 1)(cosecx + 1)(secx — 1)(secx + 1)
= (cosec?x -1)sec?x - 1)
= cot?x tan?x
= recall: tan?é+ 1 =sec?d
= RHS. 1 + cot?6 = cosec?s
Example 8
Prove the identity
cosecA- M =cotA. [(®]
l+cosA




Solution  LHS = cosecA-

sinA
1+cosA
__1 sinA
sinA 1+cosA
_ l+cosA-sin?A
B sinA(1+CcosA)
_l+cosA-(1-cos? A)
B sinA(l+cos A)
_ cosA+costA
 SinA(l+cos A)
_ cosA(l+cosA)
B sinA(l+cosA)
_ CosA
" sinA
=cotA = RHS

Example 9
Prove the identily (cotA - tanA)sinA = 2 cosA — secA

Solution  LHS = (cotA - tanA)sinA.

cosA  sinA
= - sinA
sinA  cosA

sinZA
cosA

1—1:0@2,4]

= CcosA-

= cosA—{ ey

= CcosA— +cosA

cosA
=2 cOsA - secA = RHS

Revision Exercises

1.

Given that cos150° = -p, express the following in terms of p.
(@) cos30e,

(b)  sin150°,
() tan(-30°).
(dy cosé0°.

(o))

gl



8|

Find the maximum and minimum values of
(@) -4 cose,

(b 5 cos(8 - 30,

(c) B sindd,

(d)y B8-7sin 26,

() 6-2[sin8|.

The function f (x) = asinx + b, where g > 0, has a maximum value of 7 and a minimum
value of =3, Find the value of g and of b. (9}

Sketch the following graphs:
(@ y=3-2sinxfor 0°<x<360°
(b) y=3|cosx| for 0° < x< 360°

© }‘=3—!1c:nx|for05xs%n'
(d) y=2sin2x1for0<xsn
(@ y= |Ionj—£ | + 2 for 0° < x<720°

Sketch on the same diagram, the graphs of y = 2 cosx and y = 1 - | sin2x| for
0<x<2n Hence, state the number of solutions in the interval of the equation
2 cosx + [sin2x| = 1.

Solve the following equations for 0° < x < 360°.
(@) sin2x =098

(b) cos2x + sind0° =0

(c) tan2x = - coss7?®

(ch sin(%x =30 =05
(e) 8{tanx-2) = 3(2 tanx + 3)

Solve the following equations for 0° < x < 360°.
(@) cosecix = 3 sinx
(b) 5Scot’x-23cotx-10=0
(€) 2sec2x+5=0
(d) 2sec’x-5tanx=5
2

() 2sinx+cosx=——————
sinx +2cosx

Given that sind = g and cosB= % and that A and B are acute, find, without using

tables or calculators, the value of
(@) sin(A + B),

(b cos(A + B),

() tan(A - B).




10.

Solve the following equations for 0° < x < 360°,
(@ 68in(2x-357 =1

(b) 2sin2x+ cosx=0

(¢} 2cos2x-5sinx+1=0

(d) 2 tanx = tan(30° - x)

Frove the following Identities:
(@) cosecA = secAcotA

(b) ————=tanA+cotA
sinAcos A
©) sinAcosAaw
cosec A+cotA+tanA
secA-cosecA
() sinA—cos.A!m
cotA-tanA

@ oo P cosA secA

(@) Find all values between 0° and 360° which satisty the equation

(i 2cof2x=5,
(iy Jdsinytany+8=0
(&)  Show that

2-cosec®A _sinA-cosA

5 = (3]
cosec“A+2cotA  sinA+cosA




Cumriculum Obijectives:

. Recognise and distinguish between a permutation case and a combination
case

. Know and use the notation n! (with 0! = 1), and the expressions for permutation
and combinaticns of n items taken r at a time

. Answer simple problems on amangement and selection (cases with repetition
of objects, or with objects amanged in a circle or involving both permutations
and combinations, are excluded).

A permutation is an arangement of a set of objects choosen from a given number of
objects. The order of the objects in the chosen set is taken into consideration,

A combination is a selection of a set of objects chosen from a given number of objects.
The order of the objects In the chosen set is not taken into consideration,

Example 1

Find the number of possible ways of (permutations) of appointing a monitor and an
assistant monitor from 4 possible candidates, Mel Lin, Ahmad, Esther and James,

Solution Mel Lin (M) Ahmad (M)
Ahrnad Esther James Mei Lin Esther James
(AM) (AM) (AM) (AM) (AM) (AM)
Esther (M) James (M)
Meilin  Ahmad  James Meilin  Ahmad  Esther
(AM) (AM) (AM) (AM) (AM) (AM)

There are 12 possible ways of appointing a monitor (M) and an assistant monitor (AM).
It can be seen that there are 4 possible choices of monitors. For each choice of monitor,
there are 3 possible choices of assistant monitors. Hence, the number of possible ways
of appointing a monitor and an assistant monitor is 4 x 3 = 12.

%21




AlternativeMethod

Monitor Assistant Monitor
Mei Lin Ahmad
Ahmad Mei Lin
Mei Lin Esther
Esther Mel Lin
Mei Lin James
Jomes Mei Lin From the second method. it can be seen
Ahrmad Esther that the order of appeintment is taken into
Esther Ahmad consideration, l.e.
Ahmad James Mel Lin (M) and Ahmad (AM) Is different from
James Ahmad Ahmad (M) and Mai Lin (AM).
Esther James Let’s consider a case where the order is not
James Esther taken into consideration.

Example 2

Consider the 4 candidates in Example 1. Find the number of ways (combinations) of
selecting 2 prefects.

Solution  In this case, since order is not taken into consideration, it can be seen that
for every two permutations in Example 1. Method 2, there is one possible

combination.
Monitor Assistant Monitor Prefects
Mei Lin Ahmad .
Ahmad Mei Lin Mei Lin and Ahmad
Mel Lin Esther
Esther Mei Lin Mel Lin and Esther
Mel Lin James | N
James Mel Ln ] el Lin and James
[CAnmad | e 1 ) [Tt
Esther Ahrmad Ahmad and Esther
Ahmad James
James Ahmad Ahmad and James
Esther James
James Esther Esther and James
Table 1 Table 2

|




Fromn Table 2, there are & combinations of prefects.

l.e. the number of combinations =%= 3;4

=6,

Example 3

An art collector wants to display a statue, a bust and a vase on 3 tables. Find the number
of ways of arrangement (permutations).

Solufion sh:n‘ue\ /bus‘r\ /vcse\
bust vase siu|1ue valse statue bust
vase bust vase statue bust statue

There are 3 choices of display for the first table; 2 choices for the 2nd table
and 1 cheice for the 3rd table. The number of permutations =3 x2x 1 =6,

Note: factorial 3 =31 =3 x2x 1
Ingeneral, nl=nxM=-Dxn=-Dxn3Ihx....
Factorial n(nY) is the product of n and all the positive numbers less than n.

When a set of n items is chosen from n items and amanged all at a time (i.e. n items at
a time), the number of permutations is nl.

The notaticn for the number of permutations of n items taken all ot a time is P,
where "P, = nl

Note: By definition 01 = 1

In Example 1 when we consider the number of permutations of a set 2 ‘items’ from 4

‘items’, we get 4 x 3 = 12,

Since dl=4x3x2x1,
a__4
2 @-2

When a set of ritems is chosen from n items, the number of different permutations (or

4x3 =

nl
arrangements) is o-ni

The notation for the number of permutations of n items taken r at a time is "P,,
nl

where "P, = m

2|




Product Principle:

When a first process can be done in a number of ways, a second process in b number
of ways, a third process in ¢ number of ways and so on, then the number of ways in which
all the processes canbe donesax bxcx . ...

Example &

There are 4 basic steps to making a teddy bear: choosing and cutting the fabric; sewing
the pieces; stuffing the bear and sewing on the facial expression,

The variations in each step are:

1. There are 5 types of furry fabric;
2, 2 methods of sewing:

3 3 types of stuffing;

4, 4 facial expressions.

Find the number of ways all 4 basic steps can be carled out.

Solution  The number of ways a teddy bear can be made is 5 x 2 x 3 x 4 = 120,

Revision Exercises

1. 13 cards of diamond from a deck of playing cards are to be aranged in a row.
How many permutations for doing it are there?

2. Find the number of ways § runners can be armanged at the starting point of a6
lane track.

3. Find the number of permutations in which a car dealer can display his 5 cars: a
Mercedes, a Volkswagen, a BMW, a Toyota and a Rolls Royce when
(M  he can display them In any order;
(i) the Rolls Royce must be in the first parking lot and the Mercedes in the last
lot.

4. 3 girls and 4 boys have to aranged and seated on 7 chairs. Find the number of
arangements when
() they can be seated in any order;
(i)  they are to be seated in a boy-git-boy-girl-boy sequence.

5. Find the number of ways & bottles can be chosen from 60 bottles.

6. Find the number of ways of selecting cards consisting 1 spade, 2 diarmonds, 3 hearts
and 4 clubs from a pack of 52 cards,

7. There are é blue balls, 7 yellow balls and 8 red balls. Find the number of combinations
of a set of 1 blue ball, 7 yellow balls and 2 red balls.




A baker wants to bake some buns. Firstly, he can choose to use butter, margarine
or oll, Secondly, he may use either plain flour or bread flour. Thirdly, he has a choice
of castor white sugar or brown sugar, Lastly, he can choose to use luncheon meat,
sausages, ham or tuna as filing. Find the number of ways the baker can bake a
batch of buns when he can only choose 1 type of ingreadient at each stage.

In @ maze of tunnels, there are 3 tunnels leading from point A to point B, 6 tunnels
leading from B to C and 4 tunnels leading from point C to point D. Find the number
of routes a hamster can take to move from point A to point D.

A man with a hearly appetite wants to have 4 servings of food. He can choose

stalls which sell nasi lemak, laksa, fish ball noodles, rofi prata, plzza, mee goreng

and dumpling soup.

[()] How many ways can the man choose 4 different servings of food?

(i}  Find the number of permutations in which the man may eat his 4 different
senvings of food.

@iy Find the number of permutations in which the man may eat his 4 different
servings of food, given the condition that he must start with laksa.
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Curriculum Objectives:

Use the Binomial Theorem for expansion of (a+ b)" for positive Integral n
Know and use the generalterm "C AT, 0 < r = n(knowledge of the greatest
term and properties of the coefficients is not required).

3|

A binomial is an expression with two terms in it, for exarnple, (a+ b), (x+ ), (da+ b3,
and (2 - 3x). Consider the first three expansions of binomial (a + b).
(a+b=a+b

(a+ b2 =c?+2ab+b?

(@+bP=c+3cb+3ab2+ B

For (a + by,
Term Coefficient
a 1
b 3
ak? 3
b 1

In general, for a positive integer n,
n n n n
(a+b)"=ag" +( ) ]a"-‘b+[2]o"-2b2 +[3]a"*3b3+,..+[r]a""b’ 4., 4+0",

n ! !
where coefficient { J= LS L
r)orin=mt (n=nir!
The coefficlent can also be expressed as "C,.
Note: The (r+ 1) term = "C,a™b’ Is called the general term. a or b can be terms

like + px9, :tEx or even (px + g) where p and g are constants,
q

Example 1

In the expansion of (k + )&, where k Is a positive constant, the coefficients of x2
and x* are equal. Find the value of k. (©)

Solution Recall that the general term is "C,.a™b".
.. General term of (k + x)B is 8Ck*x",
The term with »2 is the third term when r= 2, Le., 8C,k¥2x2 = 8C,k0x2,
The term with x* is the fourth term when r = 3, Le., 8Cak™3 = 8C,k5%%,




Equating the coefficients of the two terms.

BC,KE = BCS

28 k=156

k=2
Example 2
Write down and simplify the expansion of (2 - p)®. Use this result to find the

5
expansion of (2—2)( +§] in ascending powers of xas far asthe termin 2. (C)
Sofution (2 - p)® = 25+ 5C,2%-p) + *C,2%(-p)? + SC32U-p)* + SC2(-p)* + (-p)®
=32 - 80p + 807 - 40p° + 10p* - °

5
To find the expansion of (2—‘2x+§] . substitute p = 2x—g.

5 2 3
[2-2“5] =32-30[2x-i]+ao[2x-i] -m[zx-i]
2 2 2 2

xY xY
+10[2x——] —[2x——]
2 2

2
= 82—160x+40x+80[4x2-2x7+-%-]...

= 2

= 32-120x +180x2... There |s no need fo consicer the other
terms gnce the question asked for ferms
as far as the term in 2,

Example 3

Find, In its simplest form, the coefficient of ¥ in the expansion of
M (A+30°

5
(i [x2 +E] . (Cy
X

Solution () For (1+3x)%, the term with x* is the fifth term when r= 4, i.e.
SC1 3 = 6C,1(3x)°%.
Coefficient of x* is °C4(81) = 1215

5
(iy  Both terms in (xz +E] are expressions in x.
x

5
The general term in the expansion of [x2 +—] Is
X

r

3 T
5, S| — =5 10-2r — _ & 10=-3r
COR ’[x] =SCXOU T = 8C3KIY,

When 10-3r=4
r=2

The coefficient of x* is 5C,(3%) = 90.




Revision Exercises

1.

4 4
Expand @ (1+2x° (9)] (3 + l] (c) [2x —%]
X

Find, in descending powers of x, the expansion of
(@ (@2-x°

.|4
b) [2x--
® (2]

X 4
©) [—+x2]
2

Find. In ascending powers of x, the expansion of
(@ (b+2x%°

2 3
) [1-"—]
4

2 4
©) (X——]
X

5
Find the first 4 terms in the expansion of [2- %] in descending powers of x. Hence,

5
or otherwise, find the coefficient of X in the expansion (l+2x)2[2-%] .

Find, In ascending powers of x, the first 3 terms in the expansion of (@ - 3x + 2)4,

Write down and simplify, in ascending powers of x, the first three terms of the
expansions

x 4
(a) [3+—]

2
B (-2

4
1
Hence, or otherwise, find the coefficient of »° in the expansion of [3—%):— x2] .

n
If the fist 3 terms (n ascending powers of x) In the expansion of [2—%1] is
16 =48 + 54, find the values of x and n.

(o) Evaluate the coefficient of ¥ in the expansion of (1 + 2)(3 + X',

7
2

(o) Evalugte the coefficient of x° in the expansion of [x’ ——] .
X




(¢} Thefirst three terms In the binomial expansion of (a+ b)", in ascending powers
of b, are denoted by p, q and r respectively. Show that

g _2n
pr n-1"
Given that p = 4, g = 32 and r = 96, evaluate n. (®9]

The coefficient of x° In the expansion of (2 + ax)(1 - 3x)° Is 405. Find the value of a.

5
(@) Find the coefficient of x in the expansion of [x2 —EJ .
X

(b) Obtain the first 4 terms in the expansion of (1+ p) in ascending powers of
p. Hence find the coefficient of x¥ in the expansion of (1 + x + 2.  (C)




Curriculum Objectives:

. Use vectors in any form, e.g. [g} AB, p. ai+bj

. Know and use position vectors and unit vectors

. Find the magnitude of a vector. Add and subtract vectors and multiply
vectors by scalars

. Compose and resolve velocities

. Use relative velocity Including solving problems on interception (but not
closest approach).

Scalar Quantity: A quantity which has magnitude but no direction for example,
distance, speed, time and mass.

Vector Quantity: A quantity which has both magnitude and direction for example,
displacement, velocity, acceleration and forces.

1. Notation of Vector

There are a few ways of representing a vector P& (or vector a):
Q

@ P& or PE where the length of the line, ie. |P@| or |PE)| or PQ gives the
magnitude and the direction of the vector Is from F to &.

(i aor gwhere the magnitude of the vector is |a| or |g.
(i column matrix [:] where u > 0 Is the movement horizontally to the right and

v > 0 is the vertical movement to the top.

For example,

)G




Magnitude of [3] =\uZ+v? =\32+22 =13

In this chapter, we will denote vectors by bold alphabets (P& or @) or as column

matrix [s] or with amows over the alphabets (P&).

Equal Vector

When two vectors a and b have the same magnitude and direction, they are
equal.ie. a=b

Zero Vector

A vector with zero magnitude and no direction is called a zero or null vector, i.e.
Oor0.

Negative Vector

P P

When a vector @P has the same length but Is opposite in direction to P&, we say
that &P is the negative vector of P&, i.e.
aP=-PQ=-a

Addition of Vectors

PQ+ QR=FR
o a+b=b+a=c




6.

9.

Subtraction of Vectors

PQ - QrR=Pa + (-QRD b e
= PR R
or a-b=a+(-b) a
=(-b)+a €
=c¢ P
- a a <
R
a -b
[~
P

Multiplication of a Vector by a Scalar

When a vector a is multiplled by a scalar k, we get ka.

If k= 0, then ka is in the same direction as a.

If k < 0, then ka is in the opposite direction.

If k =0, then ka is a zero vector,

If k=0, buta=0,ie alisazero vector, then ka = 0, i.e. kais also a zero vector.
We express multiplication of column vector as:

When a:[”].
v

i)

Properties of Scalar Multiplication
1. {mna = mina)
2. (m+ma=ma+ na

Parallel Vectors

Two vectors @ and b are parallel if they are in the same (k> 0) or opposite (k<0)
direction. af/b « a= kb where kis a scalar, a0, b+0and k« 0

Unit Vector
Avector whose magnitude is 1 s called a unit vector. For example, ahas magnitude
lal. unit vector. a= lc.i has the same direction as a.

Using column vectors, we can write the unit vector as

&= 1 u
TR evi v




1.

Comparing the coefficients of b,

P=-G i @
Substitute (1) info (2).

p=1-2p
2

5
—p=1 .
2

Substitute p=§ into (1)

a-3(2)-
2\5/) 5

p2
5

Two Dimensional Vectors in Cartesian Forms

Let unit vectors in the x-axis and y-axis be i and | respectively.

A point P has Cartesian coordinates (x, y).
Position vector OP = p:[ﬂ

)
or- g oo

PO )

|op|=m =X +yi|=xE+y?
Xy
If a=x1 =
bl (Vl]
Xz
b=x.i =
*al+yal (VzJ

a+b =0+ X+ (g +¥2)J =(X’ +x2]

Vitya

Example 3

-

=

(@) The position vectors of A, B and C relative to an origin © are - + pf, 51+ 9f
and 6i + 8 respectively, Detarmine the value of p for which A, Band C are
collinear. Given that D is a point on OC such that OD is a unit vector, find

the position vector of D relative to O




()] P

Q

o T

Point Pand @ have position vectors pand qrespectively, relative to the point
O. The point Ron OPF Is such that OR = %(TP’ The point Son R& s such that

1
RS =G,

() Express OS and PS interms of pand q.
@  PS produced meets O& at T, where OT = 108,
Express PT in terms of 4, p and g, and evaluate A )

Solution (o) Llet OA=as=-i+pj
OB=b=5i+9
OC = c = 6i+ 8]
A, Band C are collinear = AB = k BC
AB=b-a=0Gi+-(-I+p)=6l+©-p)j
BC=c-b=(-8)i+8-9f=i-]
AB = k BC
6i+ (9 - pYf=ki-D
Comparing coefficients of I,

k=6 i [4}]

Comparing coefficients of j,

< I 2

Substitute k = & into (2).

9-p=-6

~p=15

loc|=v6?+82 =10

.-.OD=iOC=£i+£j=§i+ﬂj
10 W0 10 5 &

(b) () Given OP=p, 0Q=g, OE-%pundRS:%RQ
OS = OR + RS
RQ = RO+ OQ
=-OR+ 0Q




Example 4

A car A Is moving with an actual velocity of 70 km h™'. What is its velocity as

observed by:

() B, a man sitfing at a bus-stop.

(i) C,aman sitting on a bus moving at a velocity of 40 km h™! toward the car,
A

(i) D, amansitting on @ motoreycle moving at a velocity of 50 km h~! away from
the car, A?

Solufion () A B

o= a
B, the man sitting at the bus-stop Is not moving relative to Earth,
he observes the actual velocity of the car, A
Velocity of A relative to B, Vg = Vi - Vg
=70-0
=70 km h!
(0 A Cc

o=y =0
As C is moving towards the car A, the latter’s veloclty is perceived

to be faster than its actual velocity by observer C.
Velocity of A relafive to C, Vue = Vi - Ve

=70 - (-40)

=110 km !

Note: Velocity of A is assigned the positive sign. Since velocity of
C s in the opposite direction, it is assigned the negative
sign.

(iiy A D
o ok

Veloclty of the car A Is observed to be slower that its actual

velocity as the observer D is moving away from A.

Velocity of A relative to D, Vg = Vu =V

=70 - (500
=20 km hH!

In general, velocity of P observed by @, Veg = Vo - Vg
where V; is the velocity of P and Vg is the velocity of &, the cbserver.

Example 5

A train P is moving at a speed of 100 km h~' due east. Another train @ is moving
at a speed of 80 km h™' due north. Find

M the velocity of P relative to Q,

(i)  the velocity of & relative to P.




to the water, But alas! He found himself at point C.
B [o

gﬂl_p 40m

A

@ O What was the resultant velocity of the kayak?
(i) What was the distance between point B and point C?

(b) The man decided to try again. Given that that speed of the flow of the river
and the speed of the kayak relative to the water remained the same.
()] At what bearing should he steer the kayak In order to reach point B?
(i How long did he take to reach point B?

Solution (@) () Resultant speed of the kayak 2ms!
Is 432+22 = JTAms!

=36ms’!
2
== 3ms!
tang 3 m
0 =33.7°

Resultant velocity of kayak is 3.6 m s [P
at a bearing of 033.7°,

Mote: Since relative velocity is a vector, it s necessary to give its
magnitude and direction (bearing).

(il Let x be the distance between point B and point C.

X B X
=X c
tan = 2o
x = 40 tan 33.7°
= 24.7° a0m
Distance between point B and
point C Is 26.7 m. A

® O sno=3 e
¢ = 41.8°
He should steer the kayok at a
bearing of 360° - 41.8° = 318.2° 3mst
(i)  His resultant speed is V32 -22 = 45 J
=22mgs’!

Time taken for him to reach point B is % =179s




Example 7

A robber and his accomplice have just robbed a bank and are getting away in
their car, A. A police patrol car, B, gives chase. At an instant, car A is moving at
aspeed of 100 km h™' due east. Patrol car B Is 200 m due south of A and is moving
at 140 km h™'. Assuming that the speeds of both cars remain constant and that
there are no obstacles along their paths,

M find the bearing that the patrol car B has to be steered in order to intercept

car A
() find the time taken for the interception. (Give your answer In seconds.)

. 100
Solution [0] sing = 140

# = 45.6°
The bearing of patrol car B has to be 045.6°,

(D The velocity of B relative to A Is Vs,

Vea = Va- Va 100km b
= 41407 - 7007 -
=68.0 km h!
_ 98.0x1000
- 3600 Vas
=272ms’ 1

The time taken for the 140km h!

.. 200
Interception is - =7.35s 0

Note: Be careful when you deal with questions that use different units.
In this case, km and m; h and s, Remember to convert to the
same units, Since 1 km = 1000 m and 1 h = 34600 s,




Revision Exercises

o [o

ABCD is a square where AB = @, BC = b. Find, In terms of a and b, the fellowing
vectors:

(@) AC ©) AD
() AB+ AD () BD

(e) AB+BC+CD+DA

Given that O, P and @ are three points such that OP=[:}PQ-_-[_‘?:1] and

oa= [2] Find the value of p and of gand hence |0Q|. Show that ZOPQs a right-
angled friangle and that fiangle OP& is isosceles.

Simpilify:

(@ 3a-b)+52a+b)

[{=)] %(a + 3b) -2(b- a)

7 2 5
© g7}’
(d) 3(a-b) + 5(2a + b), given that a = [g] and b = [;1)

(e) mia-b)-n2a+ b), given that a = [_12] b= [i] m=-2andn=1.

The vector OA has a magnitude of 30 units and has the same direction as the

vector [j] Express OA as a column vector. The vector OB has a magnitude of

20 units and has the same direction as the vector [3] Find the vector OA + OB.

The position vectors of A and B, relative to O, are 4a + b and 2a- 9b. Find, in terms
of aand b,

(i) the position vector of C, the mid point of AB,

(i) the unit vector of OC.




10.

E D [

ABCD Is a porallelogram. The point £ lles on CD produced such that CE=2CD. F
is the point of Intersection of AD and BE.
(a) Given that AB = p and BC = q. find in terms of p and q. the vectors
i AD, (i CE
(iiy BE. (v) AE
(b} Given that EF = AFB, find A. Evaluate the ratio AD:FD.
(c) If Gls apoint on AE where AG:AEis 1:3. find F& and hence show that C, F
and G are collinear.

The position vectors of three points A, Band C, relative to an origin O, are a, band
2a respectively. The point P lies on AB and is such that AP = 2PB. The point & lles
on BC such that CQ = 4 @B. Find. in terms of a and b, the position vectors of Pand
& and hence show that OP& is a straight line. Given that the position vector of a

5
point Ris Ea, Show that PR s parallel to BC.

The poesition vectors of A, B and C relative to an origin O are 31 + &/, pi + 4f and
i+ 5frespectively. Given that A, B and C are coliinear, find the value of p and the
ratio AB:AC. Find the position vector of D if CD is 5i - 12j.

The three points O, Pand Q are such that OF = (i] and Od = [ ;; ] Given that P&
is a unit vector, calculate the possible values of g. (C)

In the figure DC = kp where k is a scalar.

A L B




@) Express pinterms of k. gand r.

(i) By expressing FE In terms of k and p. show that FE Is parallel o DC.

@iy If FE= 4 AB, find the value of k.

(v) FA and EB are produced to meet at X. Using your value of k, express XA in
terms of q. (o)

At ainstant, two ferries A and B are 3 km apart and are moving with constant speed
of 5 m s and in directions as shown.

A

45N SEms!
3km

452/ 5 ms!

(@) Find the velocity of A relative to B.
(&) Calculate the time taken for B fo be due north of A, to the nearest second.

Escalator A is moving downwords and escalator B is moving upwards as shown
below. They cross at point C and subtend an angle of 30° with the ground. They
both move at a speed of 0.5 m s~ Alicia and Ben step onfo escalator A and
escalator B respectively, at the same time.
(a) when Alicia and Ben are both stationary relative to the respective escalators
they are on,
@  What is Alicia’s velocity relative to Ben?
(i)  How long will they take to cross each other, L.e. to move from points
A and B to point C?
(b} I Alicia climbs down the escalator at a speed of 0.3 m 57! relative to escalator
A, what Is Alicia’s velocity relative to Ben?

Alicia 3 05ms!




13.

(Q)

(b)

A plane, with a speed of 320 km h-! in still air, fiies directly from London to
Brussels for a distance of 320 km. The bearing of Brussels from London is 110°
and there is a wind of 120 km h™' blowing from the west, Find

(M the course set by the pilot,

@)  the time, in minutes, for the fiight.

At 0800 hours, a coastguard station receives a distress signal from a tanker,
which is at a distance of 16 km on a bearing of 090°. The tanker is fraveling
at 12 km h™! on a bearing of 315°, A lifeboat is immediately launched from
the coastguard station to intercept the tanker. This lifeboat travels at constant
speed in a straight line and intercepts the tanker at 0820 hours. Calculate the
speed of the lifeboat. (9]




Curriculum Objectives:

. Display information in the form of a matrix of any order and interpret the data
In a given matrix

. Solve problems involving the calculation of the sum and product (where
appropriate) of two matrices and interpret the results

. Calculate the product of a scalar quantity and a matrix

. Use the algebra of 2 by 2 matrices (including the zero and identity matrix)

. Cadlculate the determinant and inverse of a non-singular matrix and sclve
simultaneous linear equations.

Matrix and Order

Data can be aranged as a rectangular array of numbers and represented as a
matrix. Each number in the matrix is called an element.

2.0
In a matrix [] 5], the elements are 2, 0, 1 and 5.

When a matrix has m rows and n columns, its order is m x n.

Matrix Number of Number of Order of
rows, m columns, n matrix, mx n

(0 2«

T 1 1 2 1x2

(3)

2] 2 1 2x1

T

2 0y«

[1 5](_ 2 2 2x2

|

2 0 4N

12 §5)e 2 3 2x3

% T




Matrix Number of Number of Order of
rows, m columns, n matrix, mx n
3 0\«
2 5|« 3 2 Ix2
1 6
TT
e
2|«
ale 4 1 4x1
6 e
Table 14.1
Example 1

In paper A of a Mathematics test, Mariam gets 10 comect answers. Kumar gets 9
comect answers and Calling gets B comrect answers. This data can be represented
in a table or as a matrix.

Name Number of correct
answers
Mariam 10
Kurmnar ¢
Calling 8
Example 2

A greengrocer has on his fruit stand: 20 large and 15 small Red ond Delicious
apples; 25 large and 28 small Granny Smith apples. This infermation can also be

represented in a table or as a matrix.

ar

Large Small
Red and Delicious 20 15
Granny Smith 25 28

Addition and Subtraction of Matrices

20 15
25 28

Matrices can be added or subtracted only when they have the same order. The
resulting matrix will also have the same order.

When matrices are added or subtracted, the comresponding elements are added

or subtracted.




Example 3

The number of comect answers each student gets for popers A and B of a
Mathematics test is shown in the following tables.

Paper A Paper B
Name Number of Name MNumber of
cormect answers comrect answers
Mariarm 10 Mariarm 12
Kurnar 9 Kurnar 15
Calling 8 Cailing 13

The tables can be represented as two 3 x 1 matrices:

10 12
A=|9 and B=|15
8 13

When the teacher needs to find the total number of correct answers each student
gets for the test, she simply adds the 2 matrces, i.e. A + B.

10y N2 10+12) (22
A+B=| 9 |+|16|=| 9+15 |={24
13 8+13 21

8
The total number of comect answers for Marlam Is 22, for Kumar, It Is 24 and for
Cailing, it s 21.

MNote: Matrix addition is commutative, ie. A+ B =B+ A

Example 4

The greengrocer in Example 2 finds that 5 large and 3 small Red and Delicious
apples, and 1 lorge and 2 small Granny Smith apples are badly bruised. This
information can be represented os:

Bruised Apples
Large Small 5 3
Red and Delicious 5 3 o [? 2]
Granny Smith 7 2




If he discards the bruised apples. then the remaining apples will be:

Large Srnall

Red and Delicious | 20-5=15 | 15-3=12

Granny Smith 25-7=18 | 28-2=26

Altermnatively, the matrices can be subtracted:
Total apples,

20 15
25 28

Bruised apples.
5 3
D=17 2
Remaining apples
E=C-D

- (28 20 2)

[20—5 15—3}

25-7 28-2

15 12
=l 28

Multiplication of a Mairix by a Scalar Quantity

To multiply a matrix by a scalar quantity, i.e. a number, each element of the matrix
is multiplied by the number.

Example §

The Mathematics teacher in Example 1 needs to calculate the marks each student
scores for paper A. Each question s allocated 3 marks.

Solution

X

10x3

Ax3=|9%3
8x3

30
=27
24

For Paper A, Mariam gets 30 marks: Kumar gets 27 marks and Cailing
gets 24 marks,

h2i




Try Yourself:
If each question in Paper B caries 5 marks, calculate the scores for each student
for Paper B. Refer to the table in Example 3 for Paper B.

Product of two Matrices

The product of two matrices can be found if the matrices are compatible, i.e. the
number of columns in the first matrix is equal to the number of rows in the second
matrix.

. . No. of columns No. of rows
Pair of matrices in 1st matrix in 2nd matix | Competipity
D)6 oc
2 1 1 Yes
T
12
[3 4J 6 8« 2 1 No
T
1 2%
s oy 3 2 2 Yes
T 1 3 4}«
T (1 2Y(5 6}«
3 4)\7 8« 2 2 Yes
T
AL
123
[4 5 6] [g]e- 3 3 Yes
TTT “
[;JF 2 3]<—
4 5 6)« 1 2 No
9
T
Table 14.2

12
From table 14,2, the 2nd pair of matiices, [3 4J and (5 &), are not compatible

12
and cannot be multiplied. The 3rd pair of matrices, (5 &) and ( 3 4] are compa-

tible and their product can be found. This shows that the position of matrices is
important and that matrix multiplication is non-cormmutative, .e.

12 12
(1 26 oec 0L 2)




When two matrices A and B are compatible, they can be multiplied as follows:

of32) s wfy )

- (%) () ()
wowo (7%) () (=
w0 () o)
amser (oo (3 ( orea

) 2)-Ee sha)

y z) lcw+dy cx+dz
Example &
Find the products of:
()  ABand
, 12 (5 6
(in BA, when A_[a 4] unds-[? 3J

1 2(5 6

Solution (i) AB=(3 4](? 8]
Ix5+42x7 1x6+2x8
= 13%5+4x7 3xb6+4x8

19 22]
43 50

" 8 61 2
o ea=(5 ¢ 3
5x1+6x3 5x2+6x4
S 7x1+8x3 Tx2+8x4

<[ )

MNote: Example 6 shows once again that matrix multiplication is non-
commutative, l.e. AB = BA




Example 7

To compute the total scores of each student in the Mathematics test of Example
3. the teacher may use matrix multiplication.

10 12
The teacher can combine the tables In Example 3 as a matrix: [g EJ

and represent a mark allocation of 3 marks per question in Paper A and 5 marks

3
per question in Paper B as another matrix: (5}

10 12 3 10x3+12x5 90
9 15 [5]= 9%x3+15%5 |=|102
8 13 8x3+13x5 89

Hence the total scores of Mariam, Kumar and Cailing are 90 marks, 102 marks and
89 marks respectively,

Example 8

The greengrocer in Example 4 sells all his large apples at 30¢ each and his small
apples at 20¢ each. If he sells all the remaining apples as shown in the second table,
how much will he get for each type of apples?

Solution  Using matrix multiplication:

15 12
Remaining apples. E = |15 o4

30
Price of each apple, F = (20]

15 12) (30
E"=[1a 26] [20]
15%30+12x 20
= 18x30+26x20

_ {650

T 1060
The greengrocer will get 690¢ or 56.90 for his Red and Delicious apples
and 1060¢ or $10.60 for his Granny Smith apples.

5. The Zero Matrix and the Identity Matrix

A zero matrix is denoted by O and all its elements are zercs, e.g. a 2 x 2 zero matrix

- 00
is written as (0 0],

|




ab
If A= c d)
a b 00 a b
"‘*°=[c d)*[o OHc d]“

0 0y (a b a b
O*A‘[o 0)*[:: d]_[c d]
e A+O=0+A=A

a b)0 0y (0 O
Ao‘[c d][o u)'(a 0]““

0 O\a bY (0 O
0“’(0 0][(: d]_[ﬂ 0]‘0
l.e. AO=0A =0,

An identity matix is denoted by I, The elements in the leading diagonal are ones
and the other elements are zeros.

A

10

A 2 x 2 identity matrix is [0 1),

¢ 3)
If A= c d)

a bif1 0 a b
Al= [c d][o 1]_[c d

1 0Ya by_(a b
1A= [0 1][:: d]‘[c d)
ie Al=IA=A
In general, AB = BA with the exception of the zero and Identity matrices.
Determinant and Inverse of a Matrix

a b
The determinant of a matrix A is denoted by |A|, det A or A. If A=[C d} |A] is

defined as ad - be, When the determinant of @ matrix is 0, the matrix is a singular
matrix. The inverse of a matrix A Is denoted by A™'. The product of the matrix and
its inverse results in the Identity matrix, l.e. AA™ =1

vl o)

1 (d -b]
o lad-boyl-¢ a

Note: The Inverse of a matrx exists only when its determinant is not zero. The
Inverse of a singular matrix does not exist.




Example 9

3 -5
Find the inverse of the matrix A = [I 0 ]

) 1 0«5 :
souton &= s (o @) w4 b
-1_ -
- %[U] g] A ‘ad~bc[—c s]

4

Note: To do a quick check, multiply A by A™! and see if you get the

1
Identity matrix I=[0 ?]

= (195 )
_ [l s-a]z[l 0]
=lo 01
7.  Simultaneous Linear Equations
To solve linear equations,
ax+ by =¢

and ax + byy = ¢,
first write themn In the form of matrices:

@& al)-)
Next, premultiply both sides by the inverse of matrix [g; S;J
@8 sk -G 2)E)

()= 2E)

Hence values of x and y are obtalned.

|




Example 10
Sclve the simulfaneous equations:

5X+4y=2
2y=x+8

Solution Sx+dy=2
-X+2y=8

520k 6

(& 2 - a3
-u(l 3)

4

-1t 96

|

()
-3

o x==2andy=3

310';4;. n“"ﬁn

1 -
v

e ——

a2
—a
1

g -IIM

™

Revision Exercises

1.  Evaluate the following:

[5 2}{6 a] [3 1 a]_[a
@ {o7)"4 3 ® {408/7l0 4 2
9 0
5

d

2. Given that [2 ! 5]—3A=[-6 ”], find the matrix A.

1T 6Y,(3 2 4 0 3
o LY (2

3 0A-2 4 12 3

-2 1

)




_x2-2x-3

am vy 2
2 3
—1-2-=
Y x x2
y=1-2x"1-3x2

Y )20 + (-23x
dx

=2x 24 6x73

Chain Differentiation or Differentiation of function of a function

To differentlate a complicated expression, we can do a chain differentfiation. When
y Is a complicated function of x, we infroduce a third variable u, such that yis a
function of u and wu, in turn, is a function of x.

dy _dy du
dx du dx

Chain rule

Example 2

Differentiate the following functions with respect to x.
o y=¥ax2+2x-a

)  y=x>+6x2+3)P°

1
Solution (M y:(3x2 +2x=4)*
Let ube 3x? +2x-4.

. }’=U’
Since:g":=—‘:~‘-1':x—€—’E
dx du dx

1
W _arox-a" L@ cax-a)
dx 3 dx

-2
(3x% +2x-2) S (@0@3x* H+M2x""

w|—=

1
S
33x% +2x-4)°
_ 2(3x+1D
- _s=
3YEBxT+2x -4y

(6x+2)




Quotient Rule

To differentiate the quotient of 2 functions of x,

y= where u and v are functions of x,

<lc

we may use the quotient rule:

du dv

Ve —l—

1(2]:_u
dx\v v2

Alternatively (If you find it hard to remember this formula), we can use product and

chaln rules to derive the formula:
-1

i(l..l\»"') = u(-——d(v )]+(v“)d—u

dx dx dix

= u[-v" d_v} + (v )E

dx dx
dv du
-U— v—
- Gx,_ dx
v2 v2
dv  dv
Ve —U—
-_dx dx

w2

Example 4

2 _
Differentiate y =421
1-5x2

with respect to x

Solution  Quotient method:
u=2x2-1

= (@x2-n!

1
du [1](2.\'2—1) 2(4x)
dx 2 )

= 2x(2x% -2

du dv

V——l—

ﬂ= dx  dx
dx v

v=1-5x2

V- 250
dx




dy
dx a-5x)

ﬂ—ﬁxz)[ 2022 -1 |-@x D100

1T 1
('I-5x2)[2x{2x2 -7 |+10x(2x2 - 17

0-5:x%7
_ 2x(0-5x)+10x(2x% - 1)
(2x2 -3 (1-5x2)2
_ 2x-10x% +20x% -10x
(2x2 - ])1 (1-5x2)?

10x3 - 8x

©@x?-nha-5x2y2

Ditferentiation of Trigonometrical, Logarithmic and Exponential
Functions

gl

':Inhm'nst.'tfu,Inll.t:::::;ﬂmlr m"% ete

asinbx ab cosbx xin rod; aand b are constants
acosbx -ab sinbx

atanbx ab sec?bx

acotbx -ab cosec?bx

asecbx ab secbx tanbx

acosecbx ~-ab cosecbx cotbx

asin(bx + ) ab cos(bx + ¢) xinrad: a, band ¢ are constants
acos(bx + c) =absin(bx + c)

atan(bx + c) abseci(bx + ¢)

sin"x nsin™x cosx xinrad

cos™x ~n cos™xsinx

tan™x ntan™lxsecx




Logarithmic function y Derivative, :—i Note
logox (for a>0) LN a>0,x>0
X
lgx  (for x>0) lIgns! x>0
X
Inx  (for x>0) 1
X
In(iC) o 00
f(x)
dy
Expc tial il vt —_
f y D ® ax Note
& &
e ag™
swﬂ-b aeumb
& 00 0
Example 5
Differentiate with respect fo x
O @  tan? 5x + 3) ©
sinx

Solution () Letybefx—=ﬂ,merau-x:v-sinx.
v

sinx

Using the quotient rule, di

dy _ sinx(1)- x(cosx)

dx sinZx
_ sinx—xcosx
sin? x

(i) Let y be tan? (5x + 3) = U2

Using the chain rule,

dx

du  dv
-u

V_ e
]= dx _dx
e

dy_dy du

dx du dx
dy = 2ux dfan(5x +3)

=2ux5 sec? (5x+3)

=2tan(5x + 3)5 seci(5x + 3)
=10 tan(5x + 3)sec(5x + 3)




|

Example 6
Differentiate with respect fo x.

®  x2n@x+ ) a X

tanx

©

Solution () Let ybe x2In@x+ 1) =uv, where u=x*and v=In2x + 1)

Using the product rule, ﬁ = ud—v + VSE’_
dx dx  dx
2
. x2_d|n(2x+1) +In(2x+l)d—x-
dx X dx
= x2 2 +2xIn(2x + 1)
+1
2
=22 oxin@x+D)
Xx+1
(i) Letybe sx_lzg.where u=3x-1, v=tonx
tanx v
du dv
d(v) Yax Yax
Using the quotient rule, —[—]= —dx__dx
dx v ve
mnxd(ﬁx—i) -—(3x~l}dwnx
dy = dx dx
dx tan? x
_ 3tanx-(3x—Nsec?x
tan? x
Example 7
Differentiate, e tan x with respect to x. )

Solution  Let y be e tanx = uv, where u= e® and v = tan x,

Using the product rule. gx_" LAYl

dx dx
2x
dy _ o2x dtoananx de
dx dx
= e sec?x+tanx2e?x
= e¥™(sec?x+2tanx)

Equations of Tangent and Normal to a Curve

Tangent:
The gradient of tangent to a curve ot any point is the gradient of the curve at that
point.




Consider a point Ax;, ). the gradient of tangent at Pis . m.

The equation of the tangent Is given by y— y; = my (x—x;).

Normal:
The gradient of normal at P is m, where mym; = -1.

™

; . 1
The equation of normal is ¥ -y, =My (x - X)) = ——(x = X)),
m

Example 8

Find the equation of the tangent and that of the normal to the curve
y=x3+6x2+ 5x+ 11 at the point (1, 2).

Solution  y=x%+6x2+5x+11
-d—y=3x2 +12x+5
dx
Gradient of tangent at (1, 2) is 312 + 12(1) +5=20
. Equation of the tangent is
Y=2_5
x-1
y—2=20x-20
y=20x-18

Small Increments and Approximation

dy = lim & where dy and dx are small increments in y and x.
dx 80§y
I xis very small, .= 2%
dx &x
dy
8y = —xdx
dx

When x changes from x, to x; + dx, then y changes from y, fo ¥, + dy.
- the approximate value of y after a small increment in x of dx is

y.+5y=y1+d—yx6x
dx

Example 9

Given that y= (3x+ 1), find the value of ? when x = 3. Hence find an expression,
X

In terms of p, for the approximate change in y as xincreases from 3 to 3 + p, where
P Is small, ()

[E




Solution  y=(3x+ 1)}

ay =(=1(Bx+ 1)2R3) = - S
dx

(Bx+1)2

When x = 3,

dy___ 3 __ 3
dx (3=x3+02 100
Glven that éx = pis small,

dy
gy = —
4

3 3o
= | -—[(D)==——
()

X 6%

Connected Rates of Change

Generally, differentiation is used to calculate the rate of change. for example -Z—i

is the rate of change of y with respect fo x. The chain ule is offen used to deduce
the rate of change of one variable as compared to another.
Example 10

When the height of liquid in a tub is x metres, the volume of liquid Is V m?, where
V = 0.05((3x + 2)° - 8).

()  Find an expression for 9—\1
dx

(i)  The liquld enters the tub at a constant rate of 0.081 m?® 57,
Find the rate at which the height of liquid is increasing when V=095, (C)

Selution () V=0.05((3x+2)°-8)

%% =0.05 % 3(3x + 2%3) = 0.45(3x + 22

(i v 0.081 m* s
df

Using chain rule,
av_av, dx
dt  dx df

av
dx _ dt
a9V
dx




When V = 0.95,
0.05((3x+2)°-8) =0.95

(Bx+ 2P = Uﬂﬂi 27

@Bx+2) =3
1
o
3
dv
dx _gf 0.081 0.081 -
SX_dt . = =002ms™!
dt ﬁ 2 045032
o3}
9. Stationary points:
y
-
g—;:\-ﬁ
c %<D
E

> X

Points A, B.C.D and E are stationary points where %— 0 (i.e. tangents at these
x

points are parallel to the x-axis).

Points 8, C and D are fuming peints. At these points the curve turns and the gradient
changes sign (i.e. change from negative to positive or vice versa).

Points B and D are local minimum points, being minimum in comparison with their
nelghbouring points.

MNote that for a minimum point.

m 3}? changes from negative before the point to positive after the point.

2y
(i) -:—2- >0, the rate of change of % with respect to x is positive.
X X




o @ @ @

- 8,15 4

T 32716 8

_ 843016 _6 3 o
- 32 32 16

»~ the larger value of x corresponds fo a minimurn value of y.

Example 12

A rectangular block has a base which measures 2x cm by 3x cm. Given that ifs
volume Is 1800 cm?, prove that the total surface area, A cm?, is given by

3000

A=12x24+——
X

Cadlculate the value of x for which A has a stationary value. Find this value of A
and determine whether it Is a maximum or @ minimum. [(®9]

Solution

Let h be the height of the block.
Volume of block Is 2xx 3xx h=6x2h = 1800

1800 300
=h= =—
6x2  x2
Total surface areq, A = 2(2xx 3x) + 2(2x x h) + 2(3x x h)
= 12x2 + Axh + bxh
=12x%? + 10xh

Substitute hzg; into A,
x

3000
x

A=12x2 +1KJ>«'[E]=12x2 +
x2

A has a stationary value when ;ﬁ =0,
X

A 1202 + 3000(-x2 = 24x - 220
dx x2
wnen $-0, 24x- 30 - 0
24x% - 3000 = 0
X =125
x=5

When x=35, A= 12x2+$

=600 cm?

6000
=)

= 12(5)2 +

d?A 3000
B2 = DT =24

3000
5




When A Is stationary, %:0‘

s 16 cos28 - 16sing =0
o C0s828 = sing
1 - 2 5in%g = sing (since cos2d = 1 - 2 sin?g)
25in?@ + sind—1=0
(2 sin@ - N(sing+ 1) =0
1
sing = 7 o sing = -1 (rejected as # is an acute friangle)
s 8= 30°

Revision Exercises

1. Differentiate with respect to x:
iy x3-5x243x-7

5
m 5% -5
i  5x+24x

2. Differentiate with respect to x:
M V3x2+2x41
iy (B-3x5
(i) (2=1)(7x*+5x2)
. 1-2x
™ 3+x2

3. Differentiate with respect to x:

I cos*3x
(D  +2cosix+3
(i) 3xsin2x
2
W —
dtanx

4, Differentiate with respect to x:

M @x+1¥Inx
D In(x®+sinx)
iy gro
) Inx :2)

X

5. Given that the curve y=x? + ax2 + bx- 3 has a gradient of -6 at the point (2,-11),
find the value of g and of b.




E|

Find the value of o and of b for which i(

dx

cosx ]_ a+bsinx
3+sinx) (3+sinx)?

Find the eguation of normal to the curve y=2x*-2x?+5 at the point (2, 9).

The equatlon of a curve Is y = In(x2 + 2x) where x > 0. Find the x-coordinates of the
point on the curve at which the tangent fo the curve is parallel to the line Sy = 12x.
©

The volume, V, of a container of height, h.isgivenby V = %hs . Find the approximate

increase in volume when the height increases from 3 cm to 3.05 cm.

]
30.99

Given that y’=5—§ and that the value of y increases from 4 by a small amount
X

21:;-, use calculus to determine, in terms of p.

Given that y = x}, use caleulus to find an approximate value for

@ the approximate change in x,
(i) the comresponding percentage chonge in x. ©)

Find the rate of increase of volume of a cube when the length of one side Is 5 cm
and the area of a face is increasing at the rate of 0.1 cm? 57,

When a cylindrical vase of radius 4 cm contains water to a depth of x cm, the
volume of the water In the vase is Vem?® where V' = 16mx. Water is poured into the
vase at the rate of 10 cm® s\, Find the rate at which the water level s rising.

Alr Is pumped Into a spherical balloon such that the latter is inflated at a steady
rate of 10 cm? 5™, Find the rate of increase of its surface area when its radius is 5 cm.,

Given that y = e cos x, find the value of x between 0 and r for which yis stationary.

Acurve hasthe equation y = 4-x2 - 1—6 . Find the coordinates of the stationary point
and determine its nature. x

Determine the coordinates of the stationary polnt of the curve y=x2Inx.

A man wants to construct an open cylindrical fish tank for 850 fish. Given that the
minimum termitorial space required by per fish Is 1000 cm?, find the value of the
radius, rand the height, h of this tank so that the total surface area of glass required
Is a minimum. Give your answer cormrect to 3 significant figures.




19.

A piece of cardboard is cut into the shape shown above. The cardboard is then
folded along the dotted lines to form a prism of depth h and its cross-section is an
isosceles friangle, Given that the volume of the prism is 1200 cm?,

0 show that J"r=E

X2’
(i)  obtain an expression for 5, the total surface areq, in terms of x,
(iiy  Find the value of x for which § has a stationary value. Find this value of S and
determine whether it is a maximum or minimum.




Curriculum Objectives:

cos(ax + b)

areds.

. Understand integration as the reverse process of differentiation
. Integrate sums of terms in powers of x excluding 1/x
. Integrate functions of the form (ax + B)" (excluding n=-1), &**P, sin(ax + b),

. Evaoluate definite integrals and apply integration to the evaluation of plane

Integration is the reverse process of differentiation.

1. Indefinite Integrals
When we integrate f(x) with respect to x, l.e. If(x)dx,
Il’(x]dx =F(x)+¢ Is called an indefinite integral,
Note: c is a constant.

100 Fi)+c Note
1

ax” ax +C nzl

n+1
a ax+c

; (ax + by ] 5 ,

{ax+ b) {n;‘—‘_m n#=1, a#0; a and b are constants
acosbx %slnbx+c xin radians; a, b and c are constants
asin bx ~Zeosbxic

b
asec? bx %Ianbx +c
acosec? bx -%cmt»n-c
asec bxtan bx Esecbﬁuc
acosecbxcot bx -Ecos echx+c




acos({bx+ c} %sln(.bx+c’)+c x in radians; o, b, ¢ and ¢’ are constants
asin(bx+ ¢ -% coslbx+¢)+¢
asec(bx+ ¢ %Ian(bhc%c
1
- Inx+c For x>0
x
%
) Infx) + ¢ For f(x) >0
1) -
a* e*+c
1
P -8 +C
a
gant -lﬁa“b +C
a
(e eWie |

Note: Compare this table with the differentiation table.

Sum of integrals:
Jrxoax [ guadx = j (FO) £ gl

Example 1
Integrate the following with respect to x
m 4 @i 3x? @iy 2xx=1y
4_
w XX © A2 V) (Bx+5)
VX

&
(vii) ( 3 ]
2x-1

Solution (i) Iddx=4x+c

3
@ [3x%dx = 3_’3‘-”:
=x*+c

i IQx(x _D2dx = j 2x(x2 - 2x + dlx

- j (2x3 - 4x2 + 2x)dix

[1a7




Ssec?2x 5 dsec?2x
® j‘21=:|n2x+41 E 2tan2x +4dx
= Z In(2tan2x +4)+¢

Example 4

Integrate with respect to x

(ORI -T-A

" 1
O =5

Solution () jée‘“dx: %e“’wc

3.4
= —e%+c
2

1

| = 2x-1
aw Imdx = Eln(s Y+C

Definite Integrals
e}
When we Integrate f(x) with respect to x from x=ato x=b, lL.e. _Lf(x)dx, we get

o definite integral: [ f(x)dx=F(®) - )
a

Example 5
Evaluate
o [ 53;3& i j:[S)Hsinngx
¥oax box
(iiiy J.! tan de (V) Jg ™
1
_[ 3e-2*dx
o

4 5x 43 4 3
Solution () L Tx dx = -[U [5& +ﬁ]dx

2 4
- [—(5x3)+(2)3xi]
3 0

[gxe msE

Dk et -0
BCI

n

u

+12=382




b
(i E[ax + sing]dx = [% x2- 2ccas%]n

3fxy .4
= 5[5] -2cosz—(-2cosﬂ)
=3.701-1.414+2
=429

? gx - 5' 2 X
(liiy J% tan de- j; [sec E-l]dx

i
= [E‘rcni—x]
2
= 210n%—%—[2mn%—%]
= g . m
= 20.732)-2 3 +2
=0.941
1 X 1¢ -2x
i —_—dx= ——| ——
) _[oa_xzdx 5)y 3z
= ~5(nG3-x2)}
= —%In2+%h.‘3
=0.203

W) jr: 3e-2*dx

1
[
e
©
g
5=

]
N
|

Area under a Curve

While a derivative of a function Is the gradient of the function, an Integral of a
function Is the area bounded by the curve.

A.  Area between Curve and the x-axis

b
When we integrate f(x) with respect o x from x= ato x= b, the Integral Lf(x)dx
is the area bounded by the curve y=1(x). the lines x= g and x= b and the x-axis.

[isi




&l

-

[+
[ R

In the case where the curve intersects the x-axis at a point m within the boundaries
of x=aand x= b, i.e. a< m< b, the algebraic area bounded by the curve y = f(x),
the lines x= g and x=b and the x-axis is

J:ftx)dx = [Mooaxs j:rcx)dx {

Total area bounded by the curve
y=f(x), the lines x=aand x=b
and the x-axis is

U:f(x)dx + j:f(x)dx

B.  Area Bounded by Two Curves
Two curves y = f(x) and y = g(x) intersect at the points A and B (corresponding to
x=ga and x= b respectively). The area bounded by the two curves is
(Area under y = f(x) between x = gand x = b) - (Area under y = g(x) between x=a
and x=b)
b b
= [ 100ax- [ g0 !
a a

b
=J‘a (00 -gColdx

1
1
1
1
1
a




b

MNote: the integral j (fix)-g(x))dx gives the total area of the region between the
a

curves.

C. Areg between a Curve and the y-axis

The area enclosed by the curve x=1(}). the lines y=a and y= b and the y-axis is
b
Is given by rxdy:J f(y)dy.
a a

Example &

(d) Evaluate, giving your answers colrect to two decimal places.

1
o [
03x+2

0) fe%'dx




sin?x = !
2
sinx = i:’]—f {according to the diagram, x is positive)

X=

N

(bi) Area of the shaded region = j:‘ (cosx-sinx)dx
= [sinx—(—cosx}];‘{
. T m "
= [smz +C0os Z] -(5in0+cos 0}
=0.414 unit?

Revision Exercises

1. Find
(@) Jw"x[x2+l]dx ()] ja'xdx
X x2
11 (- VxX+4%)
© I[F_F)dx (@ dex
2, Evaluate
L PYPR- 7 2x2-3Vx
@ L[2x =5 Jaix ® | SR

(© J:x(x -3vx)Y2dx

5
3. Given that J'zf(x)dx=12 and Eg(x)dx:ﬁ, state which of the following integrals

cannot be evaluated and hence evaluate the others,

5 5
[0) L 3f(x)dx (i) _L IFCx)+ g(x)ldx
5 2
(i Lf(x).gcx)dx ™) Lg( x)lx
5 . 10
W [ oo +ldx @ [rooax
4. Evaluate
M J-oz{sinax—Qcosxldx (i _L;dsanxdx
2
(iiiy j: cos[ax - .;E]dx @ Li sec2 2

gl




A curve Is such that % =4x-3 and it passes through the point A1, -4). Find
X

iy  the equation of the normal at P,
(i the equation of the curve,

The curve for which g_y =3x? +ax+b where g and b are constants, has stationary
x

points at (1, 0) and (-3. 32). Find
0  the value of a and of b,
(iy  the equation of the curve. )

. . d .
Given that y=2e*(sinx- cosx), show that d—yzde“anx. Hence evaluate
X

L3
L e*sinxdx.

Given that y=2xe™,
0] show that y has a stationary value when x=1,
(i) complete the following table.

X 0 05 1 2
|4

Using graph paper, draw the graph y = 2xe*for 0 £ x < 2. By drawing a suitable
line, find the solutions of the equation
x+1=10xe", (c)

Given that a curve has the equation y=2e*(x+ 3), find gﬁ and hence find the
X

coordinates of the stationary point on the curve, State the coordinates of the points
at which the curve crosses the x and y-axes. Sketch the curve for -5<x< 1.

The figure shows part of the curve y=6x-x2-5. Calculate the shaded area
marked

o A Gy B




11.  Find the area enclosed by the curve y= 82, the x and y-axes and the line x=1.

12. (o) Evaluate

1]
0] Es—x)ﬁdx an L P
¥ y=a¥
1
[o] Al™y=cos2x X

(b) The diagram shows part of the graphs of y=e¥ and y = cos2x. Find
M the xcoordinate of A,
(i) the area of the shaded region.

x (&)

13. The diagram shows part of the graphs of the curves y =sin2x and y = sinx,
A Is a maximum point of the curve y=sin2x.
B is a maximum point of the curve y=sinx.
C Is the point of intersection of the curves shown.
Find
()  the x-coordinate of C,
(i  the shaded area.




©

14, The diagram shows part of the curve y = 3(x? - 4). Calculate the area of the shaded
region.

15.  The diagram shows part of the graphs of the curves y = 2x2and y = x2, Find the area
enclosed by the curves and the lines y=4 and y=9.

Urheberrechilich geschiitztes Materia



Curriculum Objectives:

Apply differentiation and integration to kinematics problems that involve
displacement, velocity and acceleration of a particle moving in a straight
line with variable or constant acceleration and the use of x - tand v -
graphs.

Kinematics is the study of the motion of a body without considering the cause of
its motion, To describe the motion of a body, we need to know its distance from
a point of reference, its speed, how its speed changes with time and the diection
of its motion. Vectors like displacement, velocity and acceleration are terms used
to describe its motion.

Distance and its direction are indicated by displacement, s.
Speed and its direction are indicated by velocity, v.

Rate of change of speed with respect to time and its direclion are indicted by
acceleration, a.

In this chapter, we are concerned with the motion of a body along a straight line.

Velocity
When a body travels with a constant velocity, its average velocity,

v change In displacement
ave change in fime

..
At
However If its velociity changes with time, its instantaneous velocity, v, is the rate
of change of displacement with respect to time at a given instant.

ds
Vm=a




Average velocity and instantaneocus velocity are given by the gradients of

displacement-time, s - 1. graphs.

diplacement, s

3

gradient = Vi,

time, t

In general

displacement, 5

grodient = Vi
at time 4

h fime, 1

velocity Is the rate of change of displacement with respect to time. l.e. v= ds .

dt

Acceleration

Similarly, when a body travels with constant acceleration, ifs average acceleration,

o 18

a,

ave —

_ change in velocity _ av
~ehangefime = a7 -

change in time

When its acceleration varies with time, its instantaneous acceleration, g is

O,

dv

st =G

Average acceleration and instantaneous acceleration are given by the gradients
of speed - time, v - 1, graphs:

veloclity, v

3

gradient = Ggye

velocity, v

4

3

gradient = g,y
at tirme £

e CETT T e——




In general,

acceleration is the rate of change of velocity with respect to time, i.e.

Note: When acceleration Is negative (a < 0), it is called deceleration or retardation.

Displacement, Velocity and Acceleration

When displacement, s, velocity, v. and acceleration, a, are functions of time, we
have

v=$ = 5=J‘vdr
dv
c.v_a = V—IO‘df

Alternatively, displacement is given by area under the velocity-time (v - f) graph
and velocity is given by area under the acceleration-time (a - f) graph:

velocity, v acceleration, a
Y

area is displacement
for a period of +

Velocity at time, t.
is given by this area

|
l

B

o

time, ¢ time, ¢

Distance and Displacement

v

b= LR R, PR
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J:'vdf J:vdf

"
The total displacement travelled by a particle from t=0to f=1is Io vdt.

The total distance travelled by a particle from f=0to t=1t"1s

The displacement of a particle in the n™ second is Jn ]vdf.
In-

Equations of Motion with Constant Acceleration

a = gradient of graph wvelocity

change In velocity
change in fime
v-u

5 = greqa under v - t graph

s= %(uq-v)f ................... @ 5 T fme

substitute (1) into (2).

§= %(u+(u+of))f

To eliminate t. make f the subject of (1.

=YY (&
pu [CY)

Substitute (4) into (2).

=1 v-u
5= 2(u+v)[ 5 ]
2as = V- (f




2|

In summary, the following equations apply when a = constant.

Equations Variables
v=u+at u v.at
5= %(u+ vt s,u vt
s=ut+ %arz s,uat
vi=u? + 2as s, uv.a

Tip: Sometimes it may be confusing to know which equation to apply. By
looking at the variables involved in the equation, you would be able to
guess which equation to use. Often, there is more than one method of
solving kinematics problems.

Example 1

A particle starts from point © and moves in a straight line so that its displacement,
scm, from O, tseconds after leaving ©, is given by s = #(f- 6)2. Obtain an expression
for the velocity of the particle in terms of f. Hence determine the value of t when
the particle fist comes to instantaneous rest and find the acceleration at this
instant, The particle is next at O when t=T. Find

@ the value of T,

(i) the distance travelled from f=0to F=T. )

Solution s = Kt - 6)2

= (12 - 12t + 36)
= 1 - 1212 + 36t
ds
dar
= 312 - 24f + 36

v

At instantaneous rest, v = 0,
32 -24t+36=0
-8+ 12)=0
A(t-2 (-6 =0

= t=2 or t=6

dv ‘

(3!2 241 + 36)




When the particle first comes to instantaneous rest, 1= 2.

a=6(2)-24
=-12ms?

M  Given that the particle is next at O when t=T,

5=0
s=HKt-6°=0
t=0ort=06
T=6s

{Note when t = 0, the particle starts from point ©.)

(i To find the distance fravelled from + = 0 to t = &, consider
t= 25 Af this point, v = 0 and g = -12 m 52 < 0, This implies
that the particle’s displacement from polnt © Is maximum when

t=2s

s = i(t-6)?
=22 -6
=32 m

Distance travelled from =0 to #= 2 (when the particle first comes
to a rest) Is 32 m. It follows that the distance travelled (from
t=2to t=T= &) when the particle returns to point O is also 32 m.

. 32m N
t=0_ t=2

e >
=4 v }v=0

Total distance travelled from t=0to t=T=6is32x2=44m.

t

Example 2
A particle moves in a straight line so thot, at time f seconds after leaving a fixed

point O, its velocity, v m s, is given by v=155in%r.

Find

@iy  the time at which the particle first has a speed of 10 m 577,

(i the acceleration of the particle when t=0,

(i) an expression for the displacement of the particle from O In terms of 1.
<




(a) the time during which the train is accelerating.
(b) the speed of the train 180 seconds after the start of this stage,
(c) the speed of the train 640 seconds after the start of this stage.(C)

Solution velocity

th t 1y firme

(a) Total distance travelled = 12 000 m
Total time = 720 s
Let t,.  and f; be the duration of the 3 parts of the journey as
shown in the graph.

h+h+t=720s
Let g, be the deceleration and @, be the acceleration.

Given that |ay| = |2g|
= h =24
A2+ + 1, =720
= 1, + 3y = 720

Total distance travelled
= area under v - f graph

= %(15 + 25) + 154, + %(15 + 25)h

= %(40)?] + 16t + %(dﬂ)ra
= 20(21,) + 151, + 201,
= 158 + &0ty
= 15(720 - 3#) + 601,
=10 800 - 451, + 60t
=10 800 + 154,
= 12 000
- 12000-10 800
CaT 15
=80s
Time during which frain Is accelerating is 80 s.




Velocities of Q:

at A, vga=u
at B. vgg =22 ms™!

Given that car & overtakes car P at B, l.e. car P and @ reaches point
B at the same time. 1.

(@

()

20t = %(u + 2t
u=40-22
=18mg’

Consider the time taken by each car to travel from point B to
point D:
time token by car P is % =375s
Car @ takes 15 s fo travel from point B to peint C.
Let ' be the time taken for it to travel from peoint C to point D.

Given that car @ decelerates uniformly from 22 m s™1 at point C
to 13 m 57! at point D, average speed between point C and

point D is zg+—w
2
750 = 22(15)+[@] #
r=24s

Tirne taken for car @ to travel from point B to point D is
15 + 24 = 39 s,
:. Car P reaches D before car Q.

velocity/m s
4

22




(c) Let E be the point (between B and D) that car Q reaches, 37.5
seconds after passing B.

5E = Sac t ScE
Sc = 22(15) .
Using s = u't + Eafz
1(13-22
Scp=22(37.5-15) + -é[-éz—](s:r.s - 152

= 400.1 m
. Syg = 22(15) + 400.1 = 730.1 m

Distance of car @ from D at the instant when car P reaches
D =750 - (730.1)
= 20 m (to nearest metre)

Alternatively, let v be the speed of car & at the instant when car
P reaches D.
Using v=u"+ at,

13-22

v=22+ (T](S?,S -15)
=13.56 m s
1

Using s = u"t” + Eai“‘?.

distance car @ is from D
1(13-22
= (13.56) (39 - 37.5) + 5[ 52 ](39 - 3752

= 20 m (to nearest metre)

Revision Exercises

1.

A particle travels in a straight line in such a way that tseconds after passing through
a fixed point Q, its displacement from O Is s metres. Given that §=5- q fil)' find
M  expressions. in terms of £, for the velocity and acceleration of the particle.
(i) the value of f when the velocity of the particle Is 1.25 m &1,

(i) the acceleration of the particle when it is 3 m from O.

A particle moves in a straight line so that, at time f seconds after leaving a fixed
point O, its displocement, s m. is given by
4 1

s=5-5e7 - ﬁ’
Calculate
@ the initial velocity of the particle,
@iy  the value of f when the particle Is instantaneously at rest,
(i) the acceleration of the particle at this instant. [(o%}




sl

A maotorcyclist travelling along o straight road passes a fixed point O with a speed

of 20 m s and continues at this speed for t, seconds. Over the next , seconds

he accelerates at a constant rate fo a speed of 30 m 5. He then brings the

motorcycle to rest in a further t, seconds by retarding at a constant rate. His

acceleration and retardation cre of equal magnitude.

(a) Sketch a velocity-time graph to illustrate the motion of the motorcyclist after
passing O.

(b) Obtain an equation connecting f, and f;.

(c) Given that the total distance and the total time represented by the graph
are 748 m and 40 s respectively, calculate 1, 1; and t;. (9]




The topics from which the questions are set are included in brackets { }.

Paper 1 (80 marks) (Time: 2 hours)

Answer all the guestions.

{T6: Simultaneous Equations}
1.  Solve the simultaneous equations:
y=x2+6x+4
Jy-x=2 4

{T8: Straight Line Graphs}

2. The points A, Band C have coordinates (-4, 2), (2, B) and (5, -1) respectively. The
line from C, which is perpendicular to AB, meets AB at a point D.
()  Find the equation of AB and of CD.
(i) Calculate the coordinates of D. (6)

{T3: Quadratic Functions)
3. If the equation x2+(1-Kx+3=0 has no real roots, find the range of the values
of k. (4)
{T15: Differentiation}
4,  Variables x and y are connected by the equation y =2x +iz. Calculate the value
X
of g when x =2, Hence find an expression for the new value of y when xincreases

from 2 to 2 + p where p is small. &)

{T2: Binomial Expansions}
5, Find

0
(i  the coefficlent of x2 in the expansion of [x—i]
x

10
(i) the coefficient of x3 in the expansion of (1+ 2x)(x—£) 6)
x




{T17: Kinematics}

6. A particle moves In a stralght line through a fixed point O, Its acceleration,
ams™?, is given by a=(2t+5)m 52, where tis the time In seconds after passing
through O. Given that a particle reaches a point X when t=1 with a velocity

10m s, find
@  the velocity of the particle when =2,
() the distance OX. 0

{T10: Trigonometry}
7. Given that tanx = p, where x is acute, find in terms of p,
@  tan(z-x

(i secx
@iy sinx (8)
{19: Circular measure] A

8.  The diagram shows a circle, centre O,
radius 2 cm, and two tangents TA and TB.

TA=TB=5cm. c T
Calculate ’E em

(i the length of the major arc ACB,
(i) the area of the shaded reglon. B 0

IT1: Sets}
9. Given that nig) = 80, n(A) = x, n(B) = 35 and n(A N B) = B, express in terms of x,
n(A N B) and n(A’ n BY). Hence find the greatest and smallest possible values of x.
@)

IT13: Vectors in Two Dimensions)
10.

B
In the figure shown the position vectors of A and B with respect to O are @ and
b respectively. The points P and @ are such that OP = 3} OA and 2P& = PB. Express
AP and O&l in terms of aand b.
Given that OR= A0& and BR = uAB, express BR in terms of
® Aab @M wab
Hence evaluate A and . (10




{T2: Functions)
2
11, The function f is defined by f:xq% for 0<x<6.
Sketch the graphs of f and ! on the same diagram. State the domain of
. 5

12, Answer only one of the following two alternatives.
Either:

y=2x7+1

o wﬂ 4
{T16: Integration)

The diagram shows part of the curve y=2x2+ 1 and the lines x+ y=4 and x=4.

Find

() the coordinates of the points A, 8, C and D,

(il the area of each of the shaded regions. 12
Oorn

D10, -4}

[T8: Stralght Line Graphs)
The diagram shows a frapezium ABCD in which BC Is parallel to AD. The points A

[7s




and B lie on the y-axis and point C lies In the x-axis. Angles BCD and CDA are 90°.
Given that the equation of BC Is 2y+ x=12 and point D is (10, -4),

(i}  find the coordinates of B and of C,

(i find the equation of AD and of CD,

(i) the coordinates of A,

(iv) the area of trapezium. (12)

Paper 2 (80 marks) (Time: 2 hours)

Answer all the questions.

{T5: Factors of Polynomials)
1. Find in terms of p, the remainder when 6x* + 5x2 + px- 6 is divided by x + 2. Hence
wiite down the value of p for which the expression s exactly divisible by x + 2.
6)

{T8: Straight Line Graphs)
2 The table shows experimental values of two varables x and y.

X 1 2 3 4 5 6
y 4.1 28 22 1.7 1.6 1.3

It is known that x and y are related by the equation y = - . where gand b are
constants, x+b

(M  Plot y against xy and obtain a straight line graph.

(i)  Use your graph to estimate the value of g and of b,

(i Obtain the value of the gradient of the straight line obtained when 1 is
v
plotted against x. (10)

{18; Trigonometryl
3. Find all the angles between 0° and 340° which satisfy the eguation
() 3sinxcosx+1=0
(iy  tan2y=6coty 8)

{T7: Logarithmic and Exponential Functions}
4. Given that y=120(0.98)*, find
(H  the value of y when x=20,

(i) the value of x when y=100. 4)
{T2: Functions) 2
5. (@) The function g is defined by @ x — —xa X & -3
Find and simplify an expression for +
(OJ-o W g’

176l
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10.

(b) The function h is defined by h: x = ax - 1.
Given that hg?(2) = % calculate the value of a. N

Permutations and Combkinations}

A basket has 5 red apples and 4 green apples. Find the numiber of ways of choosing
4 apples when

(0 there are no restrictions:

() there must be 1 red apple only:

(i) there must be 2 green apples. (8)

Matrices)
2 1 3 - 10
Given that A-[_s _4],8-[_1 ]]ondABC-[O ]].

(o) Find the matrix AB.
(b) Find the matrix C. )]

Integration}
Evaluate

® j: (2cos2x - 3sinx)dx

(in j:cosxe"“"dx (8)

Kinematics)

A particle moves in a straight line so that at time t after leaving a fixed point O,
its veloclty, v m s, Is given by v = 2-2¢7%,

(M  Find the acceleration of the particle when t=2 s,

@iy  Sketch the velocity-time curve,

(iliy Find the displacement of the particle from O when t=2s 8

Vectors in Two Dimensions}
Given that the vector OA has a magnitude of 20 and has the same direction as

-3

[ 4 ] and that OB Is a vector of magnitude 10 and in the direction of the vector
4

[_3], find the vector AB. 3

Answer only one of the following two alternatives.

Either

{T15: Differentiation)

(@) Find the value of x befween 0 and p for which the curve y = e* cos 2x has
a stationary point.

N7




Paper 1 (80 marks) (Time: 2 hours)
Answer all the questions.

|T8: Straight Line Graphs}
1. Given points A (-1,-9), B (6, 12) and C (3. -2), find the equation of the line joining
Ato B. Another line passes through C and meets AB at right angle at D. Find the

equation of CD and calculate the coordinates of D. %
{T2: Functions)
2. Express 8 - 4x-x2 in the form a-(x+ b)? and hence, or otherwise, find the range
of the function f: x — 8-4x—x2for real x. 4

{T12: Binomial Expansions}
3.  Write down the binomial expansions of (2 + X)* and (2- X, In ascending powers
of x. Use your results to calculate the exact value of (2.1) - (1.9% 7

{T13: Vectors in Two Dimensions)

E

0) (4 3
4, The position vectors of three points, O.A and B are [0) [2] and {_2] respectively.

Given that OD = % OA and AE = 3 AB, write down the position vectors of D and
E
Given also that OB and DE intersect at X and that OX = pOB and XD = gDE, find
the position vector of X in terms of

® p i g

Hence calculate p and q. (8)




{T10: Trigonometry}

5. Find all the angles between and inclusive of 0° and 360° which satisfy the equation
@ 4dsny+tany=0,
(iy &secz+3cosz=16. @

{T15: Differentiation)

6. A developer wishes to use 528 m of fencing to make five plots of land as
shown in the diagram. Show that the total area of the land A m? is given by
A=39%x-6x2 Given that x and y may vary, find the dimensions of each plot of
land for which A is a maximum, (&)

X X X

2y

IT16: Integration)

7. Given a curve for which % =15x% + kx where k is a constant and that it passes

through (1, 3) and (0, 4), find
() the equation of the curve,
(i  the x-coordinate of the stationary point on the curve. ()]

IT3: Quadratic Functions)
8. (@) Find the range of values of x for which 7x<é&-5x2.
(b) Calculate the values of p for which the equation éx2 - 4px + 2p = 0 has equal
roots. ()

|T5: Factors of Polynomials)
9. (@ Find the remainder when 2x° - 3x° - 72x - 18 is divided by x + 5.
(b) Giventhat x+ 1 and x - 2 are factors of 2x° + ax® + bx - 2 = 0, find the value
of a and of b. Hence find the third factor of the expression. (10)

{T1: Sets}
10. In a cohort of 120 Secondary Three students who study both Mathematics and
Additional Mathematics. it is found that
88 students like Mathematics,
79 students like Additional Mathematics,
&4 students like both Mathematics and Additional Mathematics,
x students dislike both Mathematics and Additional Mathematics.
(@) Draw a Venn diagram to illustrate this information.
(b) Find the value of x. (4)




Graph of Inverse Function
The graphs of a function and its inverse are reflective of each other in the line y= x.

Example 4

Sketch, on the same diagram, the graphs of
M h:x@ + 1 for the domain 0 x<2;

()] b for the domain 1<x<5. ()
Solufion hi@=0+1=1 ¥ hoo y=x
M=1+1=2
h2)=4+1=5 5
Lety be h() =2 +1 4+
=\'Iy_-‘| a4
() = x =1
I 24 o)
BN =+1-1=0
n(5)=+5-1=2 14
h\(2=+2-1=1
T T T T T = X
1 2 3 a4 s

Absolute Valued Functions
The absolute valued function is denoted by [f(x)| where

fOx) If f(x)=20
Iook= {—f(x) if 1(x) <0,
Any part of f(x) that lies below the x axis is reflected in the line y = 0 (l.e. the x axis).
Example 5
Sketch the graph of y = =|2x - 5| for -1 x<4. ¥
(&}

Solution  Let f(x) = —|2x - 5|

f=1) = -|2¢-1)-5| = -7 -

1(0) = -|20)-5| = -6 3 T2\ A

(4) = =|2(4)-5] = -3 =14

When () = 0 2

=2x-5=0 -3

x=5/2 -

-7




Alternatively, we can first sketch the straight-line graph of y = 2x- 5 (with yintersect
of -5, xintersect of 2.5 and gradient of 2). Then. the graph is reflected about the
x-axis to get the y = |2x - 5| graph such that the portion of graph for x < 2,515 ‘bent
upwards’. Next, to get y =-|2x- 5|, the y = |2x - 5| graph Is again reflected about

the x-axs.

¥
b .
4
3
2 -
1 y=2-5
x
T YRR
-]
5
4_
-4
V4
\y '
e
5 /7
44 &
'f=|2X‘5|__.-"
3
2 -
1=
= X
R 2 3 4
_'|A-<
¥
3
24
‘|-
X
a0 2/ \3
-1
2
_a "
",
n ye-l2-50%,
\
Y
‘-\
™,




Example &

The diagram shows part of the graph of y = 3 - [x-2|.

¥
F

o

Find the coordinates of the points A and B. (%3]

Solution At A y=0.

L 3-|x=-2|=0

|x-2|=3

x—-2=43

x=5or-1

Since It is shown in the diagram that A lies on the positive x axis, x = 5.
The coordinates of A are (5, Q).

At B, y Is maximum.
When [x-2|=0,le. x=2,
y = 3 (maximum value of y).
The coordinates of B are (2, 3).

Example 7

(@

(b)

Functions f and g are defined by

f:xr—»l,xxz

g x> kx? - 1, where k Is a constant.
0] Given that gfi5) = 7. evaluate k.

()  Express f(x) in the form w. stating the values of a, b and ¢.

On graph paper, using the same scale on each axis, draw the graph of

2x+2

hiXi> for the domain -1 <x< 3.

() By drawing the appropriate straight line on the graph, obtain a solution
of the equation h(x) = h-'(x).

(il Using the same axes as for h(x), draw. on the same diagram, the graph
of h'(x).

(i) ~ State the domain of h™1(x). )




Solution

(a)

©

(0]

i

[0}

af : x> g(f(x))

_ _ 6 _6x-12_3x-6_ax+b
[i]_z {2:2_"’;"‘_‘] 10-2x 5-x c©-x
x-2 x=2
na=3,b=-6andc=5

2x+2

Llet ybe h:x—s ——
X+2

Cloy=hdl

|

When h(x) = h'(x) = y=x

The Intersection of the curve y = h(x) and the line y = x gives
the solution of h{x) = K103,
From the diagram, x = 1.4 unifs




@ Lety be W',

X 0 1 4 3 8
3 2 5
y a 0 | 2 3

(i) Domain of (X 50 < x< -g-

Revision Exercises

1.

X————————— e ax? + by -2

-2
'|- =
- 0
-1

The arrow diagram above shows part of the function xi» ax? + bx - 2 where xis
any real number. Calculate

(g} the value of o and of b,

(b another element. apart from 1. that is mapped onto 0.

(@) State the minimum value of 2 - (x + 132 and state the comresponding value
of x.

(b) Sketch the graph of the function f: x> 2 - (x + 1)? for the domain -3<x<2
and write down the range of f comesponding to this domain,

For each of the following pairs of functions, express in similar form () fg. (D gf, (i) ff
and (v) gg.

(@ fixsx+ Lxz-1:g:x»27+2
© fix -1 gixmx+]

(© f:xn—>§+2.x=0:g:x:—»3—2x—x2
x

fg:xx+2andfg: xl—t-—%. find the function f.
X+




The function fis defined by f: xi—= 1- 1 when x#0, Find the functions 2, and hence

X
wiite down the functions ' and 24,

2
The function f is defined by f: x— X? for 0 = x < 4. Sketch the graphs of f and

! on the same diagram. State the domain of .

ax+1

The function f is defined as f: xi— s and the f(1) = 1, find the volue of a and

of +1(3).

Using graph paper, draw the graph of y = |x* - x - 2| for the domain -1 < x < 3, Use
your graph to estimate the solutions of the equation |x - x— 2| = x.

(a) Find the range of the function f: x» E+Em for the domain 1£x<3,

X
(b} The function g is defined by g : x— 8 - 3x. Find
(  an expression for g'(x) and for g2(x).
()  the value of x for which g'(x) = g%,
(¢) The function h is defined by h: x ax + b, g # -1. Given that the graph of
y = h(x) passes through the point (8, 5 and that the graphs of y = h(x) and
y = h"1(3) Intersect at the point whose x- coordinate is 3. find the value of @
and of b. [(®y]

Using graph paper, draw accurately on the same diagram, for-3 < x < 3, the graphs

Ix-4]

of y=|x+2| and 2y = |x-4|. Hence or otherwise, solve the equation =|x+2[




Curriculum Objectives:
. Use set language and notation, and Venn diagrams to describe sets and
represent relationships between sets as follows:
A = |x: xis a natural number}
B={xy) y=mx+cl
C={x:asx<b}

D=lab.c .|

. Understand and use the following notation:
Union of A and B AUB
Intersection of A and B AnNB
Number of elements in set A n(A)
*... Is an element of ...” =
"... Is not an element of ..." -3
Complement of set A A
The empty set @
Universal set 3
A ls a subset of B ACB
A Is a proper subset of B ACB
A Is a not a subset of B AgB

A Is a not a proper subset of 8 ACEB

A collection of objects is called o set. Each of the objects is an element of the set.

For example. the alphabet is a set and all the 26 letters are elements of the set. Denoting
the alphabet by A, the set is represented as

A=la.b.c.defghijlklmnopaqgrstuv.wxyiz

A staternent like the letter “q is an element of A” can be wiitten as g € A where € means
‘Is an element of".

The number 3 is not an element of A and this can be written as 3 & A where & means
'Is not an element of.

Examples of some widely-used mathematical set notations are:

M is the set of positive integers and zero, i.e.
N=1{0,1223. ..} .

Z is the set of integers, i.e. Z = |0, +1, 42, 43....]
Z* is the set of positive integers, i.e. Z* = (1,2, 3,...}




Set notalion Meaning Venn diagram
A=8B Set A Is equal to set B when A B
they have the same elements.
A=8
ACB Set A is a subset of set B when A B 8
every element in A is found
in B.
or
ACB
ACB Set A Is a proper subset of set B
B when every element in Als
found in Band A # B.
AUB The union of sets A and B A 8
consists of all element found
in A or B
AUB
ANB The intersection of sets A and A B
B consists of common
elements found in both sets,
ANB
ANB=@ Set A and set B are disjoint A B
sets when no elements are
common to both sets.
ANB=0




Other set notations used are:

(%] which means "an empty set’; it has not elements;
niA) which means 'the number of elements in set A"
4 which means 'is not a subset of';

[ which means 'is not a proper subset of".
Example 1

All the letters of the alphabet are elements of the universal set. Set A consists of all the
consonants and set B consists of all the vowels.

(a) LUst all the elements of set A and set 8.

{b) Draw a Venn diagram.

(c) State whether the following statements are frue or false.

M A=8

(iy A=¢

iy AcCB

vy Ace

(v) BCe

vy A=e¢

i) ANB=@
i) AuB=¢

Solution (@) A=ib.cdfghjklmnparnstv.wxyz
B=la, e.i 0, u}

o) &

€ H A=8B false
i A=F true
(in Acs false
W)y AcCe frue
v} BCe true
i) A=e false

i) AnB=@ frue
iD AuB=¢ true
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